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Previously on Traffic Engineering

Headway: It is the time taken between the arrivals of the front end of
successive vehicles.

hi = ton
i − ton

i−1

Note that a vehicle’s headway is defined with respect to the vehicle in
front.

Gap: It is the time between the ar-
rival of the arrival of the rear end of
the lead vehicle and the front end of
the following vehicle.

gi = ton
i − toff

i−1

Gap may be viewed as the time to
collision if the lead vehicle came to
an abrupt stop. Time
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Previously on Traffic Engineering

The spacing between two vehicles can be approximated using the headway
and the velocity of the lead vehicle.

si = vi−1hi

Time

Sp
ac
e

Vehicle 𝑖 − 1

Vehicle 𝑖

ℎ𝑖

𝑠𝑖

Note that this is an approximation since it implicitly assumes that the
velocity of the lead vehicle remains the same during hi .
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Previously on Traffic Engineering

Exact relationships

I q = kvs

I vt = 1
∆N

∑
i vi

I vs = 1
L

∑
i vi

I vt = vs +
σ2

s

vs
, and vt ≥ vs

Approximate relationships

I si ≈ vi−1hi

I k ≈ q
vt

(
1 + q

vt
Ĉov(v,h)

)−1

≈ q
vt

I vs ≈ 1
1

∆N

∑
i

1
vi
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Previously on Traffic Engineering

Speed and Density:

v = vf

(
1− k

kj

)
where vf is the free flow speed and kj is the jam density.

Flow and Density:

q = vf

(
k − k2

kj

)
What is the maximum flow (capacity) according to the above equation?

km =
kj

2 and qm =
vf kj

4 .

Speed and Flow:

q = kj

(
v − v2

vf

)
What is the speed at the maximum flow? vm = vm

2 .
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Lecture Outline

1 Pre-Modern Models

2 Modern Models

3 Post-Modern Models
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Lecture Outline

Pre-Modern Models
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Pre-Modern Models
Introduction

Car-following models are at the heart of every traffic simulation. They
recommend how a follower vehicle responds to the actions of a lead vehicle.

Some of the earliest models were proposed in the 50s and later models
attempted to address the drawbacks of those proposed in the previous
generations.

Many of the car-following models, in the limit, lead to equilibrium funda-
mental diagrams that we discussed before.
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Pre-Modern Models
Introduction

Throughout this lecture, we will refer to the lead vehicle using i − 1 and
the follower using i . The symbol x denotes the distance from a reference
point and si indicates the spacing between the front ends of the vehicles.

ሶ𝑥𝑖 ሷ𝑥𝑖 ሶ𝑥𝑖−1 ሷ𝑥𝑖−1

𝑙𝑖 𝑙𝑖−1
𝑥𝑖

𝑥𝑖−1

𝑠𝑖 = 𝑥𝑖−1 − 𝑥𝑖

The time gap of the following vehicle will be denoted using gi and the
distance between the rear end of the lead vehicle and front end of the
following vehicle will be represented as g x

i .
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Pre-Modern Models
Pipes-Forbes Car Following Theory

Pipes suggested that vehicles travel such that the following minimum space gap
is always maintained.

g x
i (t) ≥ ẋi (t)

4.47
li

This rule was proposed based on a driving rule from a California vehicle code
which suggested to maintain a gap of at least the length of a car between your
vehicle and the vehicle ahead of you for every ten mile per hour of speed at which
you are travelling.
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Pre-Modern Models
Pipes-Forbes Car Following Theory

Forbes proposed a similar model but the minimum gap was prescribed with
reference to the reaction time.

gi (t) ≈ hi (t)− li
ẋi (t)

≥ τi

where τi is the reaction time of vehicle i .

Can you write these expressions in terms of the spacing si (t)? Assuming vehicles
have the same length 6 m and reaction time of 1.5 s,

si (t) ≥ 1.34ẋi (t) + 6 (Pipes)

si (t) ≥ 1.50ẋi (t) + 6 (Forbes)
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Pre-Modern Models
Evaluating a Car Following Model

What makes a car-following model good?

I It has to be able to different regimes of traffic flow accurately.
Particularly, they should

I Be able to speed up when there are no vehicles in front.
I Slow down when approaching a stationary vehicle and stop at

a safe distance.
I Follow and trail a leading vehicle in motion.
I React to sudden decrease in spacing because of lane changes.

I The fundamental diagrams implied by them should resemble that
from real-world traffic.

Can you spot any issues with the Pipes-Forbes model?

Lecture 4 Car Following Models
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Pre-Modern Models
Evaluating a Car Following Model

Mathematically, let the acceleration of vehicle i , ẍi (si , vi ,∆vi ) be written
as a function of the spacing si , velocity of the current vehicle vi , and the
speed differential ∆vi = vi − vi−1.

Dependence on t is not shown in the above expressions but is implicitly
assumed. The required properties can be expressed as

I As vehicles travel faster, they tend to accelerate less

∂ẍi (si , vi ,∆vi )

∂vi
< 0

I If there is no vehicle in front, drivers prefer to travel at a desired
speed

lim
si→∞

ẍi (si , v
max
i ,∆vi ) = 0
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Pre-Modern Models
Evaluating a Car Following Model

I If a lead vehicle is far away, the following vehicle must accelerate

∂ẍi (si , vi ,∆vi )

∂si
≥ 0, lim

si→∞

∂ẍi (si , vi ,∆vi )

∂si
= 0

I Acceleration decreases with increase in speed differential

∂ẍi (si , vi ,∆vi )

∂∆vi
≤ 0
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Pre-Modern Models
Drawbacks

The Pipes-Forbes model only specifies the spacing to be maintained be-
tween the leader and the follower pair. However,

I The velocity of the leader does not feature in the choice of the
following vehicle.

I If the spacing is large, the model can suggest unrealistic velocities.

I For a given set of model parameters, the model may not successfully
slow down behind a stationary vehicle.
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Pre-Modern Models
Simulating Pipes Model

Some of the drawbacks can be fixed by defining additional rules that limit
the velocity and acceleration.

Suppose there are 1, . . . , I cars in a traffic stream. Let āi and ai be the
maximum acceleration and deceleration of vehicle i and suppose that ve-
hicle i has a desired speed vi .

Algorithm 1 Discrete Time Simulation of Pipes Model

for i = 1, . . . , I do
si (t)← xi−1(t − 1)− xi (t − 1)
smin

i (t)← li [ẋi (t − 1)/4.47 + 1]
if si (t) < smin

i (t) then
vi (t)← max{0, vi (t − 1)− ai ∆t}

else
vi (t)← min{vi , vi (t − 1) + āi ∆t}

end if
xi (t)← xi (t − 1) + vi (t)∆t

end for

Lecture 4 Car Following Models
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Pre-Modern Models
Example

The spreadsheet shared with you has positions of the lead vehicle over time. Use
the pseudocode to simulate the positions of the follower vehicle.

Assume that the follower vehicle starts at x = −102, has a maximum acceleration
and deceleration of 4 m/s2 and −6 m/s2. Suppose that the desired speed is 30
m/s.
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Figure 13.2 Microscopic benchmarking of the Pipes model.
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Pre-Modern Models
Equilibrium Analysis

The microscopic models can be simulated to generate scatter plots of q, k,
and v and these can be compared with the ones from the field.

Alternately, we can assume steady state conditions and homogeneous traf-
fic and write

s =
v

4.47
l + l ⇒ kj

k
=

v

4.47
+ 1

Alternately,

v = 4.47

(
kj

k
− 1

)
Does this fundamental diagram have any drawbacks?
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Pre-Modern Models
GM Models

In the 50s, a team of researchers General Motors conducted a series of experi-
ments to study the effect of response of the following vehicle to a lead vehicle.

 Traffic Dynamics 179

 end of the wire was fastened on the rear bumper of a lead car. A constant

 wire tension was maintained by means of a slipping friction clutch.

 Inasmuch as the power unit kept the wire very taut at all times, xi-xf
 was measured by the position of the reel at any particular instant, which

 depends on the amount of wire stretched between the two cars. This
 measurement was made by using a multiple turn potentiometer geared to

 a reel shaft. A direct current generator tachometer operating off the
 same shaft gave a measure of the rate at which the wire was wound or
 unwound, which is proportional to vl-Vf. A fifth wheel attached to the

 test car measured vf, while an accelerometer mounted in the car indicated
 the car's longitudinal acceleration which is designated by af.

 The totality of this information, i.e., xl-xf, vl-vf, vf, and af, was
 recorded simultaneously by an oscillograph installed in the back seat of
 the test car.

 Eight male drivers participated in the study. These people, all em-

 ployees of the Research Staff of the General Motors Technical Center,

 ranged in age from 24 to 38 years. Prior to testing each subject drove

 Fig. 1. Photograph of car follower showing wire reel and power unit.

This content downloaded from 
�������������14.139.128.32 on Sat, 31 Jul 2021 15:57:33 UTC������������� 
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 180 Chandler, Herman, and Montroll

 the test car, a 1957 Oldsmobile, until he indicated that he was sufficiently

 familiar with the car's response, controls, etc., to operate the car safely

 in congested traffic. Each driver then operated the car behind a lead

 car in an actual experimental run on the test track at the General Motors

 Technical Center. Testing time was approximately 20 to 30 minutes per

 driver.

 The directions given to the drivers were simply, "Follow the lead car

 at what you consider to be a minimum safe distance at all times."

 These directions were employed in an attempt to produce a driving
 situation that would evoke driver behavior similar to that which might be
 observed as a person drives in dense traffic. The driver of the lead car,
 in all cases, pursued no prescribed program or driving pattern, but ran-
 domly varied his speed within the range of 10 to 80 mph and included
 several braking actions.

 The information recorded on the oscillograph was of the type shown
 in Fig. 2. The records were inspected to identify a continuous section in
 each record where the test conditions were more or less dynamic. In
 other words, sections of the records in which spacing, xi-xf, and speed,

 vf, are constant, are trivial and of no interest in the present study.
 The aim of our data analysis was to obtain a relation between the ac-

 IME

 TRAILING CAR ACCELERATES

 LEAD CAR PULLS AWAY

 vELociTy OF

 rREAR CAR ACCELERATION OF
 1+1 ~~~~~~~~~~~~~~~~~~f~~~REAR CAR

 ,,;i,-I , , E z -\ ---- ELOCITY OF REAR CAR
 WIHRSETTO LEAD CAR

 DSTANEBEWE SZERO REFERENCE FO R

 VELOCITY NMD ACCELERATINL OCT

 LZERO REFERENCE FOR VELOC ITY AND D ISTANCE

 Fig. 2. The oscillograph recording shown below identifies the various
 curves recorded in the car-following experiments. The top strip is atypical
 recording from such an experiment.

This content downloaded from 
�������������14.139.128.32 on Sat, 31 Jul 2021 15:57:33 UTC������������� 

All use subject to https://about.jstor.org/terms

Also called the GM models or Gazis-Herman-Rothery (GHR) model, they also
analyzed the stability of car following models and served as a benchmark for later
studies.
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Pre-Modern Models
GM Car Following Theory

The GM models track the accelerations (response) of the follower vehicle
as a function of sensitivity and stimuli such as reaction time, velocity
differential, and spacing.

ẍi (t + τi ) = αl,m

(
ẋi (t + τi )

)m

(
xi−1(t)− xi (t)

)l

(
ẋi−1(t)− ẋi (t)

)
where αl,m is referred to as the sensitivity coefficient and l and m are the
speed and spacing exponents.
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Pre-Modern Models
GM Car Following Theory

While the GM models take the velocity differential into account, they still
have a few drawbacks.

Use the spreadsheet to simulate the GM model with τ = 1 s, α = 0.8,
m = 0, l = 1, starting x = 467 m, and starting velocity is 30 m/s2.

Algorithm 2 Discrete Time Simulation of GM Model

for i = 1, . . . , I do
ẋi (t)← max{0, ẋi (t − 1) + ẍi (t)∆t}
∆v ← ẋi−1(t)− ẋi (t)
xi (t)← xi (t − 1) + ẋi (t)∆t
si (t)← xi−1(t)− xi (t)
ẍi (t + τ)← αẋi (t) ∆v

si (t)

end for

Lecture 4 Car Following Models
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Pre-Modern Models
GM Car Following Theory

Note that if the parameters of the model are changed, the predicted tra-
jectory would also be different.
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Figure 14.2 Microscopic benchmarking of GM4.

In this GM model, what happens when the spacing between two vehicles
travelling at the same speed becomes very small?
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Pre-Modern Models
Equilibrium Analysis

Suppose m = 0 and l = 1.

ẍi (t + τi ) = αl,m
ẋi−1(t)− ẋi (t)

xi−1(t)− xi (t)

In steady state,

ẍi = αl,m
ẋi−1 − ẋi

xi−1 − xi

Integrating this on both sides with respect to t,∫
ẍidt =

∫
αl,m

ẋi−1 − ẋi

xi−1 − xi
dt

ẋidt =

∫
αl,m

1

xi−1 − xi
d(xi−1 − xi )

ẋidt = αl,m log(xi−1 − xi ) + C

The LHS can be viewed as q and the RHS contains log s = log
(

kj

k

)
. This is

equivalent to the Greenberg fundamental diagram.
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Pre-Modern Models
Equilibrium Analysis

Many other fundamental diagrams can be obtained using different param-
eters in the GM model.

206 Traffic Flow Theory

14.3.6 DrewModel
Since the Drew model and the Pipes-Munjal model are exactly the same
except for their exponent, one only needs to replace n with n + 1

2 in
the above derivation to obtain the Drew model. Hence, the Drew model
corresponds to GM5 with l = n+ 1.5 and m = 0.

14.3.7 Summary of the Bridge
Summarizing the above, we can draw a diagram that relates the models
discussed above to GM5. Figure 14.4 serves such a purpose, with the speed
exponent m of GM5 on the horizontal axis and the spacing exponent l of
GM5 on the vertical axis. Macroscopic equilibrium models are labeled in
red and microscopic car-following models are labeled in blue. Circles on
the grid denote models and their corresponding m and l combination in
relation to GM5.

The Pipes and Forbes models are actually a special case of GM1:

ẍi(t + τi) = α[ẋi−1(t)− ẋi(t)].
Integrating both sides yields

ẋi(t + τi) = α[xi−1(t)− xi(t)] + C = αsi(t)+ C.

If one chooses α = li
4.47 and C = li−1, one obtains the Pipes model,

while α = τi and C = li leads to the Pipes model.
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Figure 14.4 Microscopic-macroscopic bridge.
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Lecture Outline

Modern Models
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Modern Models
Gipps Model

Gipps model is also derived using a safety distance idea but by assuming
that the follower chooses actions such that they can brake even if the lead
vehicle hard brakes and comes to a complete stop.

ሶ𝑥𝑖 ሷ𝑥𝑖 ሶ𝑥𝑖−1 ሷ𝑥𝑖−1

𝑙𝑖 𝑙𝑖−1
𝑥𝑖

𝑥𝑖−1

𝑠𝑖 = 𝑥𝑖−1 − 𝑥𝑖

𝑙𝑖−1𝑥𝑖
∗

𝑥𝑖−1
∗

Δ𝑥𝑖 = 𝑥𝑖
∗ − 𝑥𝑖

Δ𝑥𝑖−1 = 𝑥𝑖−1
∗ − 𝑥𝑖−1
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Modern Models
Gipps Model

Assume that the lead vehicle brakes by decelerating at amax
i−1 . It travels a

distance of ∆x∗i−1 =
−v 2

i−1(t)

2amax
i−1

before coming to a complete stop.

ሶ𝑥𝑖 ሷ𝑥𝑖 ሶ𝑥𝑖−1 ሷ𝑥𝑖−1

𝑙𝑖 𝑙𝑖−1
𝑥𝑖

𝑥𝑖−1

𝑠𝑖 = 𝑥𝑖−1 − 𝑥𝑖

𝑙𝑖−1𝑥𝑖
∗

𝑥𝑖−1
∗

Δ𝑥𝑖 = 𝑥𝑖
∗ − 𝑥𝑖

Δ𝑥𝑖−1 = 𝑥𝑖−1
∗ − 𝑥𝑖−1

The follower is assume to decelerate at a rate ai after τi , the reaction time.
Hence, the distance covered by the follower can be written as

∆xi =
vi (t) + vi (t + τi )

2
τi −

−v2
i (t + τi )

2ai
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Modern Models
Gipps Model

Gipps suggested that x∗i ≤ x∗i−1 − li−1. Plugging the values of x∗ in this
expression, we get

si (t) ≥ vi (t) + vi (t + τi )

2
τi −

−v2
i (t + τi )

2ai

+
v2

i−1(t)

2amax
i−1

+ li−1

In this inequality, the driver gets to choose vi (t + τi ). In addition to τi ,
Gipps added a safety buffer to the reaction time to allow for some gap if
the two vehicles were come to a stop.

Solving the quadratic expression with the safety buffer,

vi (t + τi ) ≤ −aiτi +

√
a2

i τ
2
i − ai

(
−vi (t)τi

−v2
i−1(t)

amax
i−1

− 2li−1 + 2si (t)

)
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Modern Models
Gipps Model

In addition, to account for the scenarios where there is no vehicle in front,
Gipps used empirical data to suggest another function for the velocity.

vi (t+τi ) = min


vi (t) + 2.5āiτi

(
1− vi (t)

vmax

) [
0.025 + vi (t)

vmax

]1/2

−aiτi +
[
a2

i τ
2
i − ai

(
−vi (t)τi

−v 2
i−1(t)

amax
i−1

− 2li−1 + 2si (t)
)]1/2
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Modern Models
Gipps Model
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Figure 15.2 Microscopic benchmarking of the Gipps model.
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Modern Models
Optimal Velocity Model

In the mid 90s a group of Japanese researchers Bando et al. proposed the
optimal velocity model in which the driver is assumed to reach a speed
that depends on the spacing. Specifically,

ẍi (t + τi ) =
V opt(si (t))− vi (t)

τ

where τ is a parameter called the adaptation time.
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Modern Models
Optimal Velocity Model

The exact shape of the optimal velocity function can be obtained from
data.

Optimal Velocity Model and its Applications 129 

and velocity. Here we suppose that the OV function is given by some observa­
tions . 

Xn(t) = V(xn+i(t) - Xn(t)) (5) 

By differentiate (5) with respect to t, we obtain 

(6) 

From Eq.(6), we can induce a class of car-following models by introducing the de­
lay T. Though the proportional factor often have a dependence on the velocity in 
traditional car-following models, here we concentrate on the model, in which the 
factor is a function of the headway only. In these constructions of car-following 
models and other dynamical models, the relation between headway and velocity 
is a fundamental information and plays an essential role. 

The OV function can be fixed by experiments or observations. Figure 2 shows 
the result of an experiment, where headway and velocity of a single car moving 
on a highway are measured simultaneously (10]. The data are randomly scattered 
due to road and traffic conditions. We simply can choose a hyperbolic-tangent 
function and can fit the parameters to the data. Figure 3 shows observational 
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Fig. 3. Each line represents observational 
or experimental data. 

data on Japanese highways and experimental data on a test circuit (11]. From 
these data, we can conclude that the similar behavior is observed universally 
and the hyperbolic-tangent function is a best choice of a simple OV function. 

Then we obtain the concrete forms of (2), (3) and (4). 

Xn = a{V(..:lxn) - Xn} ,

Xn = a{H(xn) - ..:lXn} ' 

(7) 

(8) 

(9)

The model has a few drawbacks since the acceleration does not depend
on the speed difference. That is, it does not matter if the leader is faster
or slower than the following vehicle.
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Lecture Outline
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Post-Modern Models
Widermann Car-Following Models

Widermann in 1974 and 1999 proposed two models that has multiple regimes and
several parameters to reflect different behaviors. This model is used in VISSIM.

240 Traffic Flow Theory

Figure 17.1 Illustration of a psychophysical model.

situation is depicted by the collision area in the diagram bounded by the
horizontal axis and a horizontal line at �x = l.

On top of this area is another area, denoted the deceleration area, where
the two vehicles are so close that an imminent collision causes the following
vehicle to back up for safety.

Now, suppose vehicle i is traveling on a highway with the leading vehicle
i − 1 far ahead and vehicle i is faster than vehicle i − 1. The operating
condition can be represented by point A, which has a large positive�x and a
positive�ẋ. Since vehicle i−1 is far ahead, driver i does not have to respond
to vehicle i− 1, an area of which is denoted as no reaction in the diagram.

As vehicle i keeps moving, the relative speed �ẋ remains unchanged,
but the relative separation �x decreases. Hence, the operating point moves
downward. Sooner or later, vehicle i will catch up and begin to respond
to vehicle i − 1 as the gap is closing. However, the cutoff point is rather
vague since this is a subjective matter. Perhaps a better way to draw the
line is to set an upper limit such as point B, before which drivers are less
likely to respond, and a lower limit such as point B′, after which drivers
definitely need to respond. Note that points B and B′ vary as �ẋ changes.

The x-axis represents the speed differential and the y-axis is the spacing.
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Post-Modern Models
IDM

The intelligent driver model (IDM) by Treiber, Hennecke, and Helbing
(2000) predicts the acceleration of a following vehicle using the velocity of
the current vehicle and the desired spacing s∗ that depends on the speed
differential.

ẍi (t + τi ) = āi

[
1−

(
vi

vmax
i

)δ
−
(
s∗i (t)

si (t)

)2
]

s∗i (t) = s0 + max

(
0, vi (t)Ti + vi (t)

vi (t)− vi−1(t)

2
√
bi āi

)
Where
vmax

i is the desired speed
T is the time gap
s0 is the minimum gap
δ is the acceleration exponent
bi is a comfortable value of deceleration.
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Post-Modern Models
IDM

Advantages of the IDM model:

I Breaking is smoother because of bi and at the same time, it allows
for hard breaking in the case of an emergency.

I Rate of change of acceleration jerk is finite.

I The model is parsimonious since each parameter describes only one
aspect of driving behaviour which makes it easy to calibrate it.
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Your Moment of Zen
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