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Previously on Traffic Engineering

The flow-density curves often tend to exhibit different behaviour in the
un-congested and congested portions.

32 4 Representation of Cross-Sectional Data

Fig. 4.9 Flow-density dia-
gram (averaged over all lanes)
for sections of the Dutch A9
(Haarlem to Amsterdam) and
the German A8-East (Munich
to the Austrian border) near
Irschenberg
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There are multiple reasons for flow-density data not to coincide with the funda-
mental diagram:

• The measurements process induces systematic errors (Sect. 3.3).
• The traffic flow is not at equilibrium.
• The traffic flow has spatial inhomogeneities or contains non-identical driver-

vehicle units.

The statements on traffic jam dynamics and driving behavior derived in the above
enumeration are exact for the fundamental diagram, only. Since each of the afore-
mentioned factors can cause significant differences between the density obtained
from Eq. (3.14) and the theoretical expectation in the fundamental diagram (it is
not unusual to see discrepancies by a factor of two), deriving statements from flow-
density data is quite error-prone. In the following examples of empirical flow-density
relations shown in the Figs. 4.9, 4.11 and 4.12 (upper left panel), the maximum traffic
density obtained by extrapolation is unrealistically small, while the front propaga-
tion velocities derived from the trend of flow-density point clouds of congested
regions are too large in magnitude (and the point clouds do not always show a clear
trend).

To estimate the effects of the errors mentioned above, we can use traffic sim-
ulations that also simulate the measurement process using virtual cross-sectional
detectors. Fig. 4.10 shows that the flow-density diagram depends strongly on the
method of averaging for obtaining the macroscopic speed and the flow (cf. Sect. 3.2),
at least at large densities. Particularly, all methods yield estimated densities that
strongly deviate from the actual density, which is, of course, available in the simula-
tion. Remarkably, plotting the flow Q against the density estimate

ρ∗ = Q∗

VH
(4.1)

Phenomena such as capacity drop and dispersion are commonly observed.
This motivates the need for using more parameters or different functions
for different regimes of the fundamental diagram.
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Previously on Traffic Engineering

Having the fundamental diagram now gives us three sets of equations,
which when solved will give the speed, density, and flow in the domain of
interest.

1 q = kv

2 ∂k
∂t + ∂q

∂x = 0

3 q = f (k)

Plugging the fundamental diagram equation in the conservation law, we
get a PDE purely in terms of the density

∂k

∂t
+
∂f (k)

∂x
= 0

∂k

∂t
+ f ′(k)

∂k

∂x
= 0

This equation is also called first-order hyperbolic conservation law.
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Previously on Traffic Engineering

The LWR model PDE ∂k
∂t + ∂f (k)

∂x = 0 can be approximated using Lax
Friedrich-type finite difference method in the following way

k(t + ∆t, x)− k(t, x)

∆t
+

f (k(t, x + ∆x))− f (k(t, x −∆x))

2∆x
= 0

Time

Sp
ac
e

(𝑡 + Δ𝑡, 𝑥)

(𝑡, 𝑥 − Δ𝑥)

(𝑡, 𝑥 + Δ𝑥)

(𝑡, 𝑥)

There are other efficient ways to approximate the PDE, which will be
discussed now.
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Previously on Traffic Engineering

The variables used in CTM are:

I yij(t): Denotes the flow from cell i to cell j in [t, t + ∆t] ≡ [t, t + 1].

I ni (t): Number of vehicles in cell i at time t

I Ni : Maximum number of vehicles that can fit in cell i .

𝑛ℎ(𝑡) 𝑛𝑖(𝑡) 𝑛𝑗(𝑡)
𝑦ℎ𝑖(𝑡) 𝑦𝑖𝑗(𝑡)

𝐶𝑒𝑙𝑙 ℎ 𝐶𝑒𝑙𝑙 𝑖 𝐶𝑒𝑙𝑙 𝑗

Conservation of flow requires

ni (t + 1) = ni (t) + yhi (t)− yij(t)
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Previously on Traffic Engineering

Remember that these iterates give us the flow between cells on a link.

𝑛1(𝑡) 𝑛2(𝑡) 𝑛3(𝑡)
𝑦12(𝑡) 𝑦23(𝑡)

𝐴 𝐵

𝑛4(𝑡) 𝑛5(𝑡)
𝑦34(𝑡) 𝑦45(𝑡)

In fact, one can think of cells as miniature links in series and notice that
the sending and receiving flow expressions are captured in what we derived.

yij(t) = min

{
ni (t), qmax∆t,

(
Nj − nj(t)

)
w

vf

}

yij(t) = min

{
min

{
ni (t), qmax∆t

}
,min

{
qmax∆t,

(
Nj − nj(t)

)
w

vf

}}
The first minimum is the sending flow of cell i and the second minimum
is the receiving flow of cell j .
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Lecture Outline

1 Multi-class LWR

2 Multi-lane LWR
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Lecture Outline

Multi-class LWR
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Multi-class LWR
Introduction

So far, we have considered homogeneous traffic using macroscopic models.
In a couple of examples related to moving bottlenecks, we had trucks in
the traffic which played a limited role.

In reality, traffic is more heterogeneous with different types of vehicles and
driver behaviours. In this lecture, we tweak the LWR theory to help model
such scenarios.

The multi-class LWR model can also explain interesting empirical phenom-
ena that cannot be addressed by the single-class LWR model.
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Multi-class LWR
Traffic Phenomena

Some peculiar traffic phenomenon observed in practice include capacity-
drop (a), hysteresis (b and c), and platoon dispersion (d).

observations. These are, as shown in Fig. 1, the discontinuity, hysteresis and platoon-dispersion
phenomena often, if not always, observed from plots of data collected on highway operations. Of
the three, discontinuity in traffic flow data has received the most attention from traffic flow re-
searchers. One reason is that the phenomenon is directly related to the definition of highway
capacity and the understanding of it will enhance operation efficiency of highway facilities. An-
other reason is that such discontinuity revealed from plots of data in speed–flow and fundamental
(or occupancy) diagrams seems to contradict early investigators’ postulations that the relation-
ships between the three state variables (speed, density and flow) are continuous (e.g., Green-
shields, 1934; Greenberg, 1959; Underwood, 1961).

Edie (1961) was among the first to point out that traffic behaved differently at different density
regimes. He introduced the idea of a two-regime model, leading to a discontinuous fundamental
diagram (Fig. 1(a)). When traffic flow data are plotted on the fundamental and/or speed–density
diagrams, the uncongested and congested regimes are separated by gaps or discontinuities. Such
gaps or discontinuities have recurrently been observed from empirical works (e.g., Drake et al.,
1967; May and Keller, 1967; Ceder, 1976; Ceder and May, 1976). In particular, Koshi et al. (1983)
suggested a ‘‘reverse-lambda’’ shape to describe the characteristics of the discontinuous data
plotted on the fundamental diagrams. Further evidence of the existence of gaps in traffic data was
revealed by a series of papers by Hall (1987), Hall and Gunter (1986) and Hall et al. (1986). In
addition to the phrase ‘‘reverse-lambda’’, Bank (1991a,b) described such situation as a ‘‘two-
capacity’’ phenomenon. One capacity corresponds to the tip of the left leg of the reverse-lambda,
and the other belongs to the tip of the right leg of the reverse-lambda with a capacity drop from
the former tip (Fig. 1(a)). The capacity drop is believed to be caused by the formation of queue on
the highway. In a study of freeway capacity drop on the Queen Elizabeth Way in Mississauga,
Canada, Hall and Agyemang-Duah (1991) commented that ‘‘for a flow-occupancy diagram to be
able to show two regimes, the data must have been obtained within a queue. . .’’ and ‘‘The first

(a) (b)

(c) (d)

Fig. 1. Some traffic flow phenomena: (a) two-capacity phenomenon; (b) hysteresis phenomenon (two loops); (c) hys-

teresis phenomenon (single loop); (d) platoon dispersion.

828 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841
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Multi-class LWR
Traffic Phenomena

Capacity drops or the presence of two-regimes (also called the reverse-
lambda fundamental diagram) distinguishes the un-congested and con-
gested regions of traffic.

Hysteresis refers to differences in the speed-density profiles (which typi-
cally form a loop) during acceleration and deceleration phases that happen
during queue buildup and dissipation.

Platoon of traffic (regions with constant density) do not continue for long

periods but instead break off due to heterogeneity in vehicle mix/driving

styles.
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Multi-class LWR
Modified LWR

Suppose there are M classes of road users on an uninterrupted highway
and let qm(t, x), km(t, x), and vm(t, x) be the flow, density, and speed of
vehicles of type m.

For each class, we can write qm(t, x) = km(t, x)vm(t, x) using the idea of
‘streams’ proposed by Wardrop.

Define the total density on the highway as k(t, x) =
∑M

m=1 km(t, x).

Additionally, using the cumulative counts or the other methods used earlier,
conservation law for each class of vehicles can be shown to hold.

∂km(t, x)

∂t
+
∂qm(t, x)

∂x
= 0∀m = 1, . . . ,M
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Multi-class LWR
Modified LWR

In order to find the densities for each class over space and time, we need
a third relationship, the fundamental diagram.

The speed for each class can be assumed to depend on a vector densities,
i.e., vm(t, x) = Vm(k1, k2, . . . , kM)∀m = 1, . . . ,M, or simply on the total
density of vehicles

vm(t, x) = Vm(k)∀m = 1, . . . ,M

Lecture 12 Extensions of the LWR Model
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Multi-class LWR
Modified LWR

Combining these three equations yields a family of PDEs, one for each
class, purely in terms of the densities as shown below.

∂km(t, x)

∂t
+

M∑
n=1

cmn(t, x)
∂kn(t, x)

∂x
= 0∀m = 1, . . . ,M

where

cmn(t, x) = Vm(t, x)δmn + km(t, x)
∂Vm(t, x)

∂kn(t, x)
∀m, n = 1, . . . ,M

is the equivalent of the derivative of the fundamental diagram or the slope
of the characteristics. The value of δmn is 1 if m = n and is 0 otherwise.

Does this reduce to the single-class LWR when M = 1?

Lecture 12 Extensions of the LWR Model
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Multi-class LWR
Modified LWR

These PDEs can be solved using CTM-like updates or the Lax Friedrich-
type finite difference method

Time

Sp
ac
e

(𝑡 + Δ𝑡, 𝑥)

(𝑡, 𝑥 − Δ𝑥)

(𝑡, 𝑥 + Δ𝑥)

(𝑡, 𝑥)

km(t + ∆t, x) =
1

2

(
km(t, x + ∆x) + km(t, x −∆x)

)
− ∆t

2∆x

(
qm(t, x + ∆x)− qm(t, x −∆x)

)

How do you get the q values in the above equation?

Lecture 12 Extensions of the LWR Model



16/32

Multi-class LWR
Simulation Inputs

Here are some results from simulations on a highway with 9 classes with
the following distribution.

when density increases. The spatial and time grid sizes in the finite difference scheme are taken as 5
m and 1:5 	 10�3 min, respectively. For the choice of time grid size of a finite difference scheme, it
is required that the time grid size should be less than the length of a spatial cell divided by the free
speed (Daganzo, 1995b). However, in the multi-class model, there are a number of free speeds for
different user classes. To maintain numerical stability, the time grid size is chosen as roughly half
of the ratio of the length of a spatial cell to the free speed of the fastest user class (i.e., 120 km/h in
this experiment).

3.2. Experiment 1

For the initial spatial boundary condition, it is assumed that the highway is empty at t ¼ 0. The
initial time boundary condition at the highway entrance is subject to a trapezoidal peak demand
pattern and shown in Fig. 4, expressed in terms of the total density. However, for each time
interval, the proportions of classes are distributed as shown in Fig. 2. It is assumed that an in-
cident takes place at the downstream end of the highway and blocks the exit from time t ¼ 1:125 h
to t ¼ 1:175 h, lasting for 0.05 h (3 min). However, traffic continues to enter the highway from the
upstream entrance. A queue is formed at the downstream end and propagates upstream. At a later
time when the incident is cleared, the queue begins to discharge. The problem is solved using
FDM outlined in Section 2.3.

The total density, flow–density distribution and speed–density distribution of the solution are
shown in Figs. 5, 6 and 7, respectively. The reverse-lambda shape can be clearly seen in Fig. 6.
Along the left leg of the reverse-lambda, traffic flow gradually increases with density. At a critical
density value, traffic flow reaches its maximum corresponding to the tip of the reverse-lambda.
When the density of the traffic stream continues to increase beyond the critical value, there is a
drop in flow and the data points then group along the right leg of the reverse-lambda. The

Fig. 2. Distribution of users’ desired free speed in the experiments.

G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841 833

Each class has a different desired speed and the speed-density relationships
follow a modified Drake’s model as shown below.

vm = vfm exp(−k2/2k2
0 )Lecture 12 Extensions of the LWR Model



17/32

Multi-class LWR
Simulation Inputs

The associated class-specific fundamental diagrams as a function of the
total density shows that as the density increases, the variance in the speeds
and flows decreases.

transition from the left leg to the right leg signifies the arrival of a downstream queue. When the
queue starts to discharge, the data points moved up from the bottom of the right leg and finally
transits back to the left leg. The super-capacitated state is attributed to the higher proportion of
faster moving user classes at the onset of a queue formation, whereas the sub-capacitated state is
attributed to the slow users who usually arrive at the bottleneck later than the fast ones. It can be
seen that the maximum flow value prior to the influence of the queue cannot be recovered. This
demonstrates the two-capacity phenomenon as observed in real traffic flow data, which cannot be
replicated for the case of homogeneous users.

(a)

(b)

Fig. 3. (a) Speed–density curves for the nine user classes; (b) flow–density curves for the nine user classes.

834 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841
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834 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841

Under congested conditions, the distinction between multiple classes is not

pronounced.
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18/32

Multi-class LWR
Experiment 1

In the first experiment, the highway is assumed to be empty to begin with
and a trapezoidal profile for initial density is assumed at the upstream end
of the link.

Hysteresis phenomenon can also be observed from this numerical experiment. As shown in Fig.
7, the average speed of the overall traffic stream (average over all vehicle classes, as it would be
measured by traffic detector that cannot distinguish different user classes) first decreases along
Path 1 as density gradually increases. When the queue starts to discharge, the traffic stream begins

Fig. 5. Density plot of Experiment 1.

Fig. 4. Upstream boundary density variation on the time axis for Experiment 1.

G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841 835

Hysteresis phenomenon can also be observed from this numerical experiment. As shown in Fig.
7, the average speed of the overall traffic stream (average over all vehicle classes, as it would be
measured by traffic detector that cannot distinguish different user classes) first decreases along
Path 1 as density gradually increases. When the queue starts to discharge, the traffic stream begins

Fig. 5. Density plot of Experiment 1.

Fig. 4. Upstream boundary density variation on the time axis for Experiment 1.

G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841 835

The figure on the right shows the simulated density when the outflow is

blocked for a period of 3 min.
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Multi-class LWR
Experiment 1

The fundamental diagrams for different time-aggregated bins for a point
1.5 km upstream of the bottleneck is shown below.

to speed up as density gradually decreases. However, it does so along Path 2 instead of following
the original Path 1. Path 2 eventually joined Path 1 to form a hysteresis loop. This hysteresis
is also attributed to the different composition of user classes in the traffic stream at different
phases.

Fig. 7. Speed–density plot at 1500 m upstream of the bottleneck for Experiment 1.

Fig. 6. Flow–density plot at 1500 m upstream of the bottleneck for Experiment 1.

836 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841
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836 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841

The model replicates the reverse-lambda pattern and the hysteresis loop.
As density increases, faster moving vehicles contribute to higher capacity.

Past the critical density, when the queue builds up, a significant number

of slow moving vehicles are in the traffic stream. And when the queue

dissipates, the flows and speeds are lower.

Lecture 12 Extensions of the LWR Model
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Multi-class LWR
Experiment 2

To replicate, platoon dispersion, consider another experiment where the
density profile at t = 0 is trapezoidal and there is no incoming traffic at
the upstream end over time.

3.3. Experiment 2

It is known that the simple LWR model cannot predict correctly the form of platoon dispersion
that takes place over long distances and times when traffic is light (e.g., Lebacque and Lesort,
1999). Although Daganzo (1995a) mentioned that ‘‘. . . an extension of the LWR model with

Fig. 8. Initial platoon on the highway for Experiment 2.

Fig. 9. Density plot for Experiment 2.

G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841 837
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G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841 837
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Multi-class LWR
Experiment 2

The following figure shows a cross-section of the k(t, x) plots for different
time slices.

heterogeneous drivers can capture the phenomena’’. However, no such attempt has been made
afterward. To demonstrate the capability of the multi-class model presented in this paper in
describing platoon dispersion properly, we consider a platoon of vehicles initially formed on a

Fig. 10. Density profile along the spatial axis for Experiment 2 at different times.

Fig. 11. Flow variation with time at different locations for Experiment 2.

838 G.C.K. Wong, S.C. Wong / Transportation Research Part A 36 (2002) 827–841

As can be seen from the figure, the portion of constant density quickly

starts to disappear.
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Lecture Outline

Multi-lane LWR
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Multi-lane LWR
Introduction

The CTM that we saw so far does not distinguish between lanes and does
not capture lane shifts.

The maximum number of vehicles that can fit in each cell would be ap-

propriately adjusted if there are multiple lanes.

Lecture 12 Extensions of the LWR Model
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Multi-lane LWR
LWR Extension

Lane changing vehicles can act as temporary moving bottlenecks. To model
their effect, Munjal and Pipes and Michalopoulos et al. extended the LWR
equation for multiple lanes as follows

∂k`
∂t

+
∂q`
x

= Φ` ∀ ` = 1, . . . , n

where k`(t, x) and q`(t, x) are the density and flow on lane `, and Φ` is
the net lane-changing rate onto `.

If Φ``′ denotes the lane-changing rate from ` to `′, then

Φ` =
∑
` 6=`′

Φ`′` − Φ``′

Lecture 12 Extensions of the LWR Model
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Multi-lane LWR
LWR Extension

In addition to these lane-changing rates, let q` be the actual flow rate of
vehicles continuing on lane `. These two variables may be viewed as the
flow variables y in CTM. To estimate them, we can re-use ideas of sending
and receiving flows.

First, we define the following quantities. Let k(t, x) be the vector of
densities on all the lanes.

I Desired lane-changing rate L``′(k , t, x) from ` to `′ (i.e., demand)

I Desired flow rate of through movements T`(k , t, x)

I Capacity on lane `, µ`(k`, t, x)

Both L and T are similar to sending flows and µ is equivalent to the

receiving flows.

Lecture 12 Extensions of the LWR Model
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Multi-lane LWR
LWR Extension

Given the set of demands for lane changes and through movements, assume
that we have a mapping which gives the actual lane-change and through
movement rates as shown below.

(Φ`−1,`, q`,Φ`+1,`) = F(L`−1,`,T`, L`+1,`, µ`)

ℓ − 1

ℓ + 1

ℓ

Φℓ+1,ℓ

Φℓ−1,ℓ

qℓ

The mapping F can be chosen to capture overtaking rules and nature of

lane-changes (discretionary vs. mandatory).
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Multi-lane LWR
LWR Extension

Just as done in CTM, we create cells of size ∆x = u∆t, where u is the
free flow speed on the link. Suppose we index cells as shown below.

The discretized version of the PDE is

k`(t + 1, i)− k`(t, i)

∆t
+
q`(t, i)− q`(t, i − 1)

∆x
=
∑
` 6=`′

Φ`′`(t, i−1)−Φ``′(t, i)

Each lane is assumed to have its own (triangular) fundamental diagram.

Lecture 12 Extensions of the LWR Model
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Multi-lane LWR
Sending and Receiving Flows

The sending flow is the minimum of how many vehicles are available and
the capacity (adjusted by the time step).

Si`(t) = ∆t min{uki`(t),Q}

To split this across downstream cells, we need an routing matrix since we
have a diverge-like scenario.

Li``′(t)∆t∆x = πi``′(t)∆tSi`(t)

where πi``′(t) indicates the proportion of traffic that intends to shift from
lane ` to `′.

It can be defined based on the velocity differential in the two lanes along
with some parameter τ that can be calibrated.

πi``′(t) =
∆vi``′(t)

uτ

Lecture 12 Extensions of the LWR Model
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Multi-lane LWR
Sending and Receiving Flows

The demand for the through traffic can also be derived from the π values.

Ti`(t)∆t =

1−
∑
`′ 6=`

πi``′(t)∆t

 Si`(t)

For the receiving flows, the available capacity µ is defined using the trian-
gular fundamental diagram and backward wave speed

µi`(t) = min{w(κ− ki`(t),Q}

where κ is the jam density.
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Multi-lane LWR
Sending and Receiving Flows

Finally, the flows that move from one cell to the next are computed using
the φ like notation (which we will denote using γ here) that we used in
diverge scenarios of CTM.

γ` = min

{
1,

µ`

T` +
∑
6̀=`′ ∆xL`′`

}

Thus, the actual lane-changing and through flow is given by

Φ`′` = γ`L`′`

q` = γ`T`

Lecture 12 Extensions of the LWR Model
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Your Moment of Zen
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