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Abstract

A previously developed fuzzy waste load allocation model (FWLAM) for a river system is extended to address uncertainty involved in
fixing the membership functions for the fuzzy goals of the pollution control agency (PCA) and the dischargers using the concept of grey
systems. The model provides flexibility for the PCA and the dischargers to specify their goals independently, as the parameters for
membership functions are considered as interval grey numbers instead of deterministic real numbers. An inexact or a grey fuzzy
optimization model is developed in a multiobjective framework, to maximize the width of the interval valued fractional removal levels for
providing latitude in decision-making and to minimize the width of the goal fulfillment level for reducing the system uncertainty. The
concept of an acceptability index for order relation between two partially or fully overlapping intervals is used to get a deterministic
equivalent of the grey fuzzy optimization model developed. The improvement of the optimal solutions over a previously developed grey
fuzzy waste load allocation model (GFWLAM) is shown through an application to a hypothetical river system. The fuzzy multiobjective

optimization and fuzzy goal programming techniques are used to solve the deterministic equivalent of the GFWLAM.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A waste load allocation (WLA) model for decision-
making in water-quality management of a river system, in
general, integrates a water-quality simulation model with
an optimization model to provide best compromise
solutions acceptable to both the pollution control agency
(PCA) and dischargers. A number of WLA models have
been developed in the past for optimal allocation of
assimilative capacity of a river system (Loucks and Lynn,
1966; Loucks et al., 1981; Loucks, 1983; Fugiwara et al.,
1988; Tung and Hathhorn, 1989). Uncertainty due to
randomness has been addressed extensively in the models
for water-quality management of river systems, starting
with the pioneering work of Loucks and Lynn (1966).
Another type of uncertainty in water resources problems is
the imprecision in management goals and model para-
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meters, which has been in general addressed with fuzzy sets
(Bogardi et al., 1983; Bardossy and Disse, 1993; Shreshta et
al., 1996; Fontane et al., 1997, Teegavarapu and Simo-
novic, 1999). The concept of fuzzy decision (Bellman and
Zadeh, 1970) has been used in water-quality management
problems in recent work (e.g., Hathhorn and Tung, 1989;
Chang et al., 1997; Sasikumar and Mujumdar, 1998, 2000;
Clark, 2002; Mujumdar and Subbarao, 2004; Ning and
Chang, 2004; Subbarao et al., 2004).

Sasikumar and Mujumdar (1998) developed a fuzzy
waste load allocation model (FWLAM) for water-quality
management of a river system, to incorporate the
imprecisely defined conflicting goals of PCA and dischar-
gers in a fuzzy optimization framework. The solution
provides a set of optimal fractional removals (X) of the
pollutants and the maximum value of goal fulfillment level
(4), which is a measure of the degree of fulfillment of the
fuzzy goals. A major limitation in the models of Sasikumar
and Mujumdar (1998, 2000), and Mujumdar and Sasiku-
mar (2002) is that the membership parameters for manage-
ment goals are assumed fixed and values are assigned based
on some judgement (such as, for example, a lower bound of
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Smg/L and an upper bound of 9mg/L for DO concentra-
tion). Choice of appropriate values of membership para-
meters iS an important issue in any fuzzy optimization
model, as these are highly subjective on the choice made by
the decision-maker. In FWLAM, the parameters of the
membership functions defining the goals of PCA depend
on the desirable and maximum permissible level of water-
quality. In practical situations different water-quality
standards for surface water are used for different uses for
a water-quality indicator. For example, standards for
public water supply, industrial water supply, agricultural
water supply, fish propagation and wild life may all be
different for the same water-quality indicator, DO (Ham-
mer, 1986). This results in an uncertainty in the member-
ship parameters and leads to a second level of fuzziness in
the model, with the membership functions themselves being
imprecisely stated. Karmakar and Mujumdar (2004a, b)
developed a grey fuzzy waste load allocation model
(GFWLAM), which considers the uncertainty in the
bounds and shape of the membership functions in fuzzy
optimization models for water-quality management. The
model is aimed at relaxing the membership parameters by
treating them as interval grey numbers. A terminology
“imprecise membership function” is used to represent the
membership functions with uncertain parameters. Con-
sideration of imprecise membership functions in the fuzzy
optimization model imparts flexibility in the solutions as
the solutions are obtained as interval grey numbers. A set
of interval optimal fractional removal levels (X jE) are
obtained corresponding to a range of optimal values of
goal fulfillment level (ii), whereas FWLAM gives only a
single set of optimal fractional removal levels of pollutants
corresponding to the maximum goal fulfillment level. With
the GFWLAM solutions, the fractional removal levels can
be adjusted within their optimal grey intervals by the
decision-maker in the final decision scheme as required in a
particular situation. The width of the interval optimal
fractional removal level thus plays an important role in the
GFWLAM, as more width in the fractional removals
implies a wider choice to the decision-makers.

In the present work a modified GFWLAM is developed
to maximize the width of the interval valued fractional
removal levels of pollutants [i.e., (XT — X7)] using an
inexact or grey fuzzy optimization technique (Huang et al.,
1993; Huang and Loucks, 2000) in a multiobjective
framework. This enhances the flexibility and applicability
in decision-making, as the decision-maker gets a wider
range of optimal fractional removals than those of
solutions obtained from GFWLAM (Karmakar and
Mujumdar, 2004a, b). Similar to GFWLAM, the upper
and lower bounds of the goal fulfillment level (i.e., AT and
A7) are maximized, but in the modified GFWLAM the
system uncertainty has also been reduced by minimizing
the width of the degree of goal fulfillment level [i.e.,
(4t = 27)]. In GFWLAM the order of consideration of the
goals of PCA and the dischargers, along with the selection
of bounds of decision variables create two different

situations of model formulation, which are termed as
Cases 1 and 2. Each case is further subdivided into two
submodels to obtain two extreme values of 2%, which give
the solutions for two extreme cases encompassing all
intermediate possibilities. Therefore, in GFWLAM, four
submodels are solved to obtain the range of optimal
fractional removal levels. The present work develops a
multiobjective optimization model, which maximizes the
width of the interval valued fractional removal levels and
reduces the system uncertainty involved in the optimization
model by minimizing the width of the interval valued goal
fulfillment level in a single optimization model, avoiding
intermediate submodels. The next section presents a brief
description of GFWLAM, developed in the earlier work.

2. Grey fuzzy waste load allocation model (GFWLAM)

A general river system is considered for developing the
GFWLAM. The system consists of a set of dischargers,
who are allowed to release pollutants into the river after
removing some fraction of the pollutants. Fractional
removal is necessary to maintain acceptable water-quality
conditions in the river as prescribed by the PCA.
Acceptable water-quality conditions are ensured by check-
ing the water-quality in terms of water-quality indicators
(e.g., DO-deficit, hardness, nitrate—nitrogen concentration)
at a finite number of locations, which are referred to as
checkpoints. The goals of PCA are to ensure that pollution
is within an acceptable limit by imposing water-quality and
effluent standards. On the other hand, the dischargers
prefer to use the assimilative capacity of the river system to
minimize the waste treatment cost, by assigning an
aspiration level (minimum desirable treatment) and max-
imum fractional removal level for different pollutants.
These goals are imprecise and subjective, and are addressed
in the model through a fuzzy mathematical framework by
assigning membership functions. The concentration of a
water-quality indicator is expressed as a function of the
fractional removal levels of the pollutants using an
appropriate pollutant transport model (such as, for
example Streeter-Phelps model, QUAL2E, WASP4, etc.).
It is assumed, in the model development that: (1) steady-
state flow conditions prevail; an instantaneous mixing of
the pollutants takes place at the discharge point, (2) river
characteristics are homogeneous and the river parameters
for a river reach remain unchanged, (3) water-quality
indicators are such that the desirable level is less than the
permissible level (eg. DO-deficit, toxic pollutant concentra-
tion, etc.), (4) a pollutant affects one or more than one
water-quality indicator; but the pollutants are chemically
non-reactive with each other, and (5) industrial and
municipal effluents are pretreated at the site prior to
discharge into the river. Similar to FWLAM, conflict
between the fuzzy goals of PCA and dischargers is modeled
using the concept of fuzzy decision, but because of treating
the membership parameters as interval grey numbers, the
notion of “fuzzy decision” leads to the notion of ‘“‘grey
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fuzzy decision”. A terminology grey fuzzy decision is used
to represent the fuzzy decision resulting from the imprecise
membership functions. This terminology was used earlier
by Luo et al. (1999) to define a ‘grey fuzzy motion decision’
combining grey prediction and fuzzy logic control theories.
The notion of “‘grey fuzzy decision” presented in this paper
is different from that used by Luo et al. (1999).

An overview of the basic concepts of grey systems, fuzzy
decision and grey fuzzy decision is given in the following
subsections, as a prerequisite to the development of
GFWLAM.

2.1. Grey systems theory

Grey systems theory was first proposed by Deng (1982).
A grey system is a system other than white (system with
completely known information) and black (system with
completely unknown information) systems, and thus has
partially known and partially unknown characteristics (Liu
and Lin, 1998). In reality, many processes of interest in
environmental management are in the grey stage due to
inadequate and fuzzy information. A “‘grey number” is
such a number whose exact value is unknown but a range
within which the value lies is known (Liu and Lin, 1998;
Yang and John, 2003). Let ‘a’ denote a closed and bounded
set of real numbers. A grey number (¢%) is defined as an
interval with known lower (¢~) and upper (a*) bounds but
unknown distribution information for ¢ (Huang et al.,
1995).

at = [a’,a*] = [t cala <t < a+]. (1)

a® becomes a “deterministic number’” or “white number”’
when a* =a  =a". When a* =[a", a"]=(-c, + ),
a® is called a “black number”. An “interval number”
(Moore, 1979) or “interval grey number” (a* =[a", a™))
is one among several classes of grey numbers (Liu and Lin,
1998). The ‘‘grey degree” is a measure, useful for
quantitatively evaluating the quality of uncertain input or
output information for mathematical models (Huang et al.,
1995). The “grey degree” of an interval grey number is
defined as its width [a, = (¢"—a")] divided by its
whitened mid value (WMYV) [a,, :% (a~+a™")] (Huang et
al., 1995), and is expressed in percentage (%) as follows:

Gd(a*) = (ay/am) x 100%, )

where Gd(a™) is the grey degree of a™. Model outputs with
considerably high grey degree have high width (a,) of
output variables, which are considered as less useful and of
poor quality by the decision-makers. As the grey degree of
the objective function of an optimization model decreases,
implying decreasing system uncertainties, the effectiveness
of the grey model increases. Therefore, a lower value of the
grey degree of the optimal objective function (e.g., goal
fulfilment level, 2%, of a fuzzy optimization model) results
in a more acceptable grey solution. It should be noted for
clarification that the notion of grey systems modelling is
different from the notion of sensitivity analysis. The

sensitivity analysis is considered as a post-optimality
analysis, where systematic variation of input parameters,
considering variation of a single parameter (i.e., univariate
sensitivity analysis) or a group of parameters (i.e., multi-
variate sensitivity analysis) at a time in a model is
performed to assess the effect of uncertainties or variation
in these parameters on the model output. But the grey
systems modelling directly addresses the uncertainties of all
uncertain model parameters in a single mathematical
framework and gives the solutions as stable intervals,
which can be directly used for generating decision
alternatives.

2.2. Fuzzy decision

The fuzzy decision (Z) for a water-quality management
problem may be defined using the general concept of fuzzy
decision proposed by Bellman and Zadeh (1970). They
proposed, a broad definition of the fuzzy decision as a
confluence of fuzzy goals and fuzzy constraints. The term
“confluence” is context dependent and for a particular
situation a justifiable aggregation should be performed to
determine a meaningful fuzzy decision. In the water-quality
management problem it is appropriate that the aggregating
function should correspond to the aggregation operation
“logical and”, which corresponds to the “‘set theoretic
intersection”. Noting that the decision space is defined by
the intersection of different fuzzy goals, the fuzzy decision
(Z2) is written as follows:

Z=F Nk, 3)

where fuzzy sets F; and F, represent the two fuzzy goals.
The membership function of the fuzzy decision (Z) is given
by

fz(x) = A = min[up, (x), iF, (¥)], 4)

where A is the measuring variable corresponding to the
membership function of fuzzy decision (Z), which reflects
the degree of fulfillment of the system goals. The term
“goal fulfillment level” is used throughout the paper to
represent the variable /. x is the argument of the fuzzy
goals F; and F>. The solution X corresponding to the
maximum value of the membership function of the

resulting Z is the optimum solution. That is
1z (%) = 4= max{uy(x)) 5)

where /. is the optimal goal fulfillment level. Fig. 1 shows
the concept of a fuzzy decision, where F| and F, are non-
increasing and non-decreasing membership functions,
respectively.

2.3. Grey fuzzy decision

In the concept of a fuzzy decision, the arguments of F;
and F, are deterministic real numbers (x). When the goals
F T and F ? are imprecise fuzzy goals or grey fuzzy goals
and the corresponding arguments are interval grey
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numbers (x¥), the fuzzy decision leads to a “grey fuzzy
decision”. Fig. 2 illustrates the concept of grey fuzzy
decision considering the confluence of two imprecise
membership functions for Ff and F%t. Considering “‘logical
and”, corresponding to the “‘set theoretic intersection” as
an aggregation operator, the grey fuzzy decision is
determined. In Fig. 2 the decision Z¥ is not a fixed space
(as shown in Fig. 1 for a fuzzy decision). It is a flexible
space, whose lower and upper boundaries are shown in
Fig. 2 as A'FNGH and A"ECMCHH, respectively. The
solutions % corresponding to the maximum value of the
membership function of the resulting grey fuzzy decision
(Z*) is an interval in the space CMCN (Fig. 2).
Mathematically the grey fuzzy decision (ZF) for Fi and
F5 can be defined with the imprecise membership function:

,u}i(xi) =1~ = min [min{,u;li(x’), ,u;zi(x*)};

min{y;li (x™), M (x+)H , (6)

Goal F,

Goal F,

Decision Z

B R

X

Fig. 1. Concept of fuzzy decision.

e (%) = 2 = max [ min{ g7 (), 1 (6O) |

min{ i (%), 7, (<) } ™

where u_. (x*) and p.(x*) are lower and upper bounds
of the imprecise membership functions for an interval [x~,
x "], respectively, encompassing all intermediate possibi-
lities of membership values [i.e., u7.(x*)]. Egs. (6) and
(7) are valid for all combinations of imprecise member-
ship functions (i.e., non-increasing, non-decreasing, or a
combination of the two). In GFWLAM two sets of
imprecisely defined and conflicting goals (i.e., goals of
the PCA and dischargers) are addressed through an
optimization model by using the concept of grey fuzzy
decision.

2.4. Goals of the PCA

The PCA sets the desirable concentration level (¢}) and
maximum permissible concentration level (C}?) of the
water-quality indicator ;j (e.g., DO-deficit, hardness,
nitrate—nitrogen concentration) at the water-quality check-
point / (¢j) < ¢j/). The goal Ej, of the PCA, is to make the
concentration level (cj) of water-quality indicator j at the
checkpoint / as close as possible to the desirable level, c?,
so that the water-quality at the checkpoint / is enhanced
with respect to the water-quality indicator j, for all j and /.
These goals are represented by a membership function.
For example, if DO-deficit is the water-quality indicator, a
non-increasing membership function suitably reflects the
goals of the PCA with respect to DO-deficit at a
checkpoint. The uncertainty associated with membership
parameters (c}? and c}?) is addressed using interval grey
numbers, and the membership parameters are expressed as
¢j* and ¢jj* Using non-increasing imprecise membership
functions, the grey fuzzy goals of PCA (i.e., Eﬁ) are

* +
Goal F| Goal F;
| A B B D’ D’
+l
=
0 ; G ~~<_H H N
L- L+ L- L+ D- D+ M- M+
Xmn Xmn (’jl le i le Xmn Xmn

Upper bound of imprecise membership function

Lower bound of imprecise membership function

Fig. 2. Concept of grey fuzzy decision.
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represented as

1 ¢ <c”
ol
+ (o) — b oDt + H+
HECH = [l — e/ P <cf =cf
0 o >cjl

®)
+

where ¢; is the uncertain concentration level of water-
quality indicator j at the checkpoint /, represented as an
interval grey number. The exponent «j; is a nonzero positive
real number. Assignment of a numerical value to this
exponent is subject to the desired shape of the membership
functions. A value of a; =1 leads to a linear imprecise
membership function, as shown in Fig. 3.

2.5. Goals of the dischargers
The goal of discharger m, F% > 18 to make the fractional
removal level (xmm) as close as possible to the aspiration
level (xL¥), to minimize the waste treatment cost of
pollutant n influencing water-quality 1ndlcator j. The grey

fuzzy goals of the dischargers (i.e., F ) are similarly

Jjmn
represented as:
/mm( Jmn
+ -
1 xjmn < X >
= { |ME = xE )/ (ME B XLt < yE < ME
- mn ]mn mn mn mn — “Vjmn — “‘mn >
0 > xM+

/I‘Vll’l mn
)

where the aspiration level and maximum acceptable level of
the fractional removal of the pollutant n at discharger m
are represented as x-+ and xmn , respectively (xLE < xM+£)

Similar to the exponent oy in Eq. (8), B, is a non zero

positive real number. A value of Bjmn = 1 leads to a linear
imprecise membership function, as shown in Fig. 4.

2.6. GFWLAM formulation

In GFWLAM the grey fuzzy decision (Z%) is expressed
by using the concept of fuzzy decision [Eq. (3)]:

orls)

where Ej; and F,, represent the grey fuzzy goals of PCA
and dlschargers respectively (as shown in Figs. 3 and 4).
The arguments of Ej and F,,  are ¢; and x]j;m,
respectively. The mtersectlon of these non-increasing
imprecise membership functions is shown in Fig. 5, where
ABCDD'GH and ABCDGH are lower and upper
boundaries of the grey fuzzy decision, and the optimal
solution £¥ is an interval in the space MC NC. The concept
of grey fuzzy decision is used to model the conflicting
nature of the goals of PCA and dischargers in the
optimization model. The formulation of GFWLAM is

written as

Max 1= (11
Subject to :“Fi( £ = [( _ cj?‘[:)/(c};[j: _ }?i)]xﬂ > v,
(12)
B .
,“Fim( jmn) = {( Xom — x]f,m)/(x%[ni — x,],ﬁ)} > Vj,m,n,
(13)
aqrt <<t Vil (14)
xl];;: = x/:::nn = x}::lni vj, m,n, (15)

------- Upper bound of imprecise membership function

Lower bound of imprecise membership function

+
5 (Cip)

Wi

Fig. 3. Linear imprecise membership function for the goals of PCA.
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Upper bound of imprecise membership function
Lower bound of imprecise membership function

)

H i
o
N
g
+H o
Bl
| -
Ll
+
xjmn
Fig. 4. Linear imprecise membership function for the goals of dischargers.
4
A
1
H
3.
0 HE—
L- L+ D- D+ H- H+ M- M+
mn Xmn S € Sl Cil Xmn mn
Lt
mn > Gjl

Upper bound of imprecise membership function
Lower bound of imprecise membership function

Fig. 5. Grey fuzzy decision resulting from confluence of the goals of PCA and dischargers.

0<i*<l.

(16)

Constraints (12) and (13) are formulated from imprecise
membership functions for the goals of PCA and dischar-
gers, respectively, and define the minimum goal fulfilment
level (A™). The crisp constraints (14) and (15) are based on
the water-quality requirements set by the PCA, and
acceptable fractional removal levels by the dischargers,
respectively. Constraint (16) presents the bounds on the
parameter A*. In the expression for the goals of PCA
[constraint (12)], the concentration level cﬁ, of water-
quality indicator j at checkpoint /, may be expressed as

& =1 (Xjan): (17)

where the transfer function (f) indicates the aggregate effect
of all pollutants and dischargers, located upstream of
checkpoint / on the water-quality indicator j at that
checkpoint. The transfer function can be evaluated using
appropriate mathematical models that determine the

spatial distribution of the water-quality indicator due to
pollutant discharge into the river system from point
sources (Fugiwara et al., 1987, 1988; Sasikumar and
Mujumdar, 1998). For most water-quality indicators, a
high level of fractional removal of pollutants (e.g., BOD
loading, toxic pollutant concentration, etc.) results in a low
level of water-quality indicator (e.g., DO-deficit, nitrate—
nitrogen concentration, etc.). The lower bound of water-
quality indicator (cﬁ) is therefore expressed in terms of the

upper bound of the fractional removal level (x;;m) using
Eq. (17).
¢ =f(x;,;m). (18)
Similarly,
i = ). (19)

Eqgs. (18) and (19) are the deterministic equivalent of the
Eq. (17), which contains interval grey numbers (i.e., cj,[ and

xjf,m) in both the sides. The order of consideration of
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constraints (12) and (13), along with the selection of
bounds of decision variables (x;,,, x3,) creates two
different cases of model formulation, which are termed as
Case 1 and Case 2, with each problem divided into two
submodels. Submodel 1 maximizes the upper bound, A",
and Submodel 2 maximizes the lower bound, A~. Lower
and upper bounds of the decision (x;,, and x7,,) are
obtained from these two submodels. These four submodels
(two each for Cases 1 and 2) are the deterministic
equivalent of the grey fuzzy optimization model given in
(11)—(16). The four submodels are solved to obtain the set
of optimal values of fractlonal removal levels of the
pollutants (denoted by x* jmn) as a set of flexible
policies in the form of mterle grey numbers.

The present work is also aimed at addressing the
uncertainty in the assignment of membership functions
for management goals of the PCA and dischargers as
addressed in GFWLAM, but the multiobjective approach
adopted to obtain the deterministic equivalent of the grey
fuzzy optimization model is simpler and the solutions are
more useful to the decision-makers as a wider choice in the
interval valued optimal fractional removals is_obtained.
The optimal value of goal fulfilment level (A ) may be
viewed as a measure of compromise between the decision-
makers in the system (Kindler, 1992), and may also be
considered as a measure of conflict ex1st1ng in the system. A
value of 2~ =0 (ie., i =0and ) = = 0) indicates a strong
conﬂlgt scenario, whereas a value of 4 =1 (ie., =1
and 4 = 1) corresponds to a no-conflict scenario. As 2Eis
a measure of the degree of fulfillment of the goals of PCA
and dischargers, A7 and 4~ are maximized to ensure the
highest possibility of fulfillment of the management goals.
Secondly, the width of the interval of fractional removal
level [i.e., (xf,, —Xj,)] is maximized, to ensure more
flexibility for the decision-makers in post-optimality
decision-making. Finally, the output uncertainty is reduced
by minimizing the width of the degree of the goal
fulfillment level [i.e., (AT — 27)]. All these objectives [viz.,
maximization of A, 1”7, (x;;m Xj)> and minimization of
(At — A7) are addressed in a single optimization model in a
multiobjective framework along with the uncertain infor-
mation addressed through interval grey numbers. The next
section gives a description of the modified GFWLAM.

3. Modified GFWLAM

The grey fuzzy optimization model given in (11)—(16)
forms the basis of the modified GFWLAM. The fuzzy
inequality constraints (12) and (13) address the goals of the
PCA and dischargers in the optimization model. These are
the order relations (e.g., the relations “‘greater than or
equal to” or “less than or equal to”) containing interval
grey numbers on both the sides. Determination of mean-
ingful ranking between two partially or fully overlapping
intervals in the order relations is a potential research area
(e.g., Moore, 1979; Ishibuchi and Tanaka, 1990; Sengupta
et al., 2001). Recently, Sengupta et al. (2001) proposed a

satisfactory deterministic equivalent form of inequality
constraints containing interval grey numbers by using the
acceptability index (A4). In the following subsection the
formulation of the modified GFWLAM is presented using
the concept of acceptability index for comparing the
interval grey numbers.

3.1. Model formulation

Acceptability index (A4) is defined as the grade of
acceptability of the premise the “first interval grey number
(a™) is inferior to the second (h*)”, denoted as a™ (<) b™.
Here, the term ““inferior to” (‘“‘superior to”) is analogous to
“less than” (“‘greater than’’). The acceptability index (A) is
expressed as (Sengupta et al., 2001)

AlaE(<)b*] = [m(b™) — m(a®)]/ [wd®) +w@®)],  (20)

where [w(b®)+w(a®)]#0; w(a™) is the half-width of
at =12 (a"-a”); m@®) is the mean of a* =1/2
(a~+a"). Notations are similarly defined for the interval
grey number b*. The grade of acceptability of a* (<) b*
may be classified and interpreted further on the basis of the
comparative position of the mean and half-width of
interval b with respect to those of interval a®. Let us
consider an interval inequality relation a*x > b*, where x
is a deterministic variable. A satisfactory deterministic
equivalent form of the interval inequality relation
a*x > b*, is proposed as

a*x > b* = {a"x > b and 4 [a*x(<)b*] < €0,1]},
(21)

where o is interpreted as an optimistic threshold fixed by
the decision-maker. A brief description of the concept of
acceptability index is given in the appendix. The determi-
nistic equivalent of the grey fuzzy optimization model
given in (11)—(16) is formulated using the expression given
in Eq. (21). By using the attributes mean, width and
acceptability index of the interval grey numbers, the grey
fuzzy optimization model is reduced to a deterministic
multiobjective optimization model, as follows

Max A", (22)
Max 4”, (23)
Min [(ZT = 27) /(A" +17)] (24)

suiest oy = [(of i) /(of —ef)] 247w
(25)

e () = | (0 =) / (ot = i) | = 27 Yjumen.
(26)

Al — /(e = N<AT < €[0,1] Vil (27)
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Ay = Xim) /oy = X N(<)AT < op €[0,1] ¥/, m,n,
(28)
c},)_ <¢ < c}}”, c}?‘ <¢ < c]'-}” v, 1, (29)
X S Xy < X5 X < X5, < 05 Voo, (30)
G ¢ Vi, (31
X < X Visrmn, (32)
0<it<1;0<i <1, (33)
JT< At (34)

Constraints (25)—(28) are the deterministic equivalent of
constraints (12)—(13). The acceptability index in constraints
(27) and (28) compares the interval grey numbers in the
inequality constraints (12) and (13). In constraints (27) and
(28), oy and a, are the optimistic thresholds fixed by the
decision-maker. The goals of the PCA and dischargers are
represented by linear imprecise membership functions [i.e.,
substituting o; and B, =1 in Egs. (8) and (9), respec-
tively], as the Eq. (21) with acceptability index for ranking
the interval grey numbers in the inequality constraints is
applicable only for linear programming problems (Sen-
gupta et al., 2001). In water-quality management problems,
any continuous monotonically non-increasing membership
function will address reasonably well the imprecision in the
management goals of the PCA and dischargers, but the
placement of membership parameters on the universe of
discourse is important. The mathematical expression of
acceptability index given in Eq. (20) is substituted in the
constraints (27) and (28), and algebraic operations on the
interval grey numbers (Moore, 1979; Liu and Lin, 1998)
are performed to get a simplified form. The final
expressions of constraints (27) and (28) are given as

(T + A*) — (" =D/t =)

, — /(e = NG =27)
+ (T =D/ =) = (T =D/ = )]
<o €[0,1] Vj,I (35)
{OT +27) = (o — ;mn)/(xM+ Xho)
— (T = X)) Gy = X ACGT = 00)
+ O = X5/ o — X )=
e = )/ Gt = Xp 1]
<a €[0,1] Vj,m,n. (36)

Finally, (22)—(34), replacing constraints (27) and (28) by
(35) and (36), respectively, represent the deterministic
equivalent of the grey fuzzy optimization model (11)—(16)
in a multiobjective framework. All ¢; and cJ,r terms in
(22)-(36) are expressed in terms of x;;nn and x;,,
respectively, using the expressions obtained from the

water-quality transport model [similar to Eq. (18) and
(19)], which results in xjmn and x;,, as the only decision
variables in the optimization model. Objectives (22) and
(23) maximize the upper and lower bound of the goal
fulfillment level (1%), respectively, which ensure the
maximum possibility of fulfillment of the goals of PCA
and dischargers. Objective (24) minimizes the width of the
goal fulfillment level [A, = (At —A7)]. This objective is
included as the reduction of width of the goal fulfillment
level implies reduction in system uncertainties and increase
in effectiveness of the grey model (Huang et al., 1995).
Similarly, a higher flexibility (i.e., higher width of the
interval) of the decision variables (xjfm) is always desirable,
as it allows a wider choice to the decision-makers. But
objectives (22)—(24) do not address the maximization of the
width of decision variables [i.e., (x,, — X},,)]. The width of
the decision variables 1is max1mlzed along with the
objectives (22)—(24) while solving the deterministic equiva-
lent of the grey fuzzy optimization model [i.e., (22)—(34),
replacing constraints (27) and (28) by (35) and (36)] using a
fuzzy multiobjective optimization technique (Sakawa et al.,
1984). The procedure adopted is discussed in the section,
‘Model Application’. The problem is also solved by using a
fuzzy goal programming technique (Sakawa et al., 1987;
Pal and Moitra, 2003) to examine the consistency of the
solutions. A brief description of these optimization
techniques is given in the appendix.

4. Model application

The multiobjective optimization model [(22)-(34)] for
water-quality management is applied to a hypothetical
river system shown in Fig. 6, and solved by using fuzzy
multiobjective optimization and fuzzy goal programming
techniques. The river network is discretized into four
reaches. Four dischargers are considered as the point
sources of pollutants. The only pollutant considered in the
system is BOD waste-load due to point sources. The water-
quality indicator of interest is the DO-deficit at 18
checkpoints in the river system due to the point sources
of BOD. The saturation DO concentration is taken as
10 mg/L for all the reaches. A deterministic streamflow of
7 Mcum/day is considered. Details of the effluent flow and
imprecise membership functions are given in Tables 1
and 2, respectively. A set of lower and upper bounds of
membership parameters (cP*, ¢, xL* and xM*) are fixed
arbitrarily (Table 2) to obtain a set of optimal solutions for
demonstration. The notations of different variables are
simplified by retaining only the suffixes / (checkpoints) and
m (dischargers). Optimization model [(22)—(34), with (35)
and (36)] for water-quality management of the hypothetical
river system is now presented as follows:

Max AT, (37)

Max 4™, (33)
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@ River reach ¢
D,, = Discharger m
------ »  River flow

1to 18 Checkpoints

Fig. 6. Hypothetical river system.

Table 1

Effluent flow data™

Discharger (1) Effluent flow BOD DO
rate (10°'m®/day) concentration concentration
@ (mg/L) (3) (mg/L) (4)

D, 2.134 1250 1.230

D, 6.321 1415 2.400

D; 7.554 1040 1.700

Dy 5.180 935 2.160

*Source of data (Sasikumar, 1998; Mujumdar and Sasikumar, 2002).

Min[(A" — 27)/(F + A7), (39)

Subject to ,ug/i(cli) = [(cf" =) /(" = eP7)] =27 Vi

(40)
s () = [0 = x)/ (o = 2 A7 Vm, (4D
[ +27) = (@' =) /(@' =)

— (@ =) /(@ =) =)

+ (@ =) /(@ =) = (@ =)/ (@ =)}

<o €[0,1] VI, (42)
(O +27) = (= x) /G =)

= (= xn) /0 =)A= 47)

+ 0o =) /G =) = (e —xn)/ e )
]

<o e[0,1] Vm, (43)
P < <P < <oV (44)
< xh <Ml < <MY v, (45)
¢ < VI, (46)
X, <xt  Vm, 47)
0<it<1; 0<i <I, (43)
A<t (49)

where p.(cff) and p7. (x;;) are the imprecise membership

functions, defining the grey fuzzy goals of PCA (E¥)
and dischargers (F). In constraints (42) and (43), o; and
o, are optimistic thresholds assumed equal to zero. The
optimistic thresholds o; and o, may be interpreted as the
grades of acceptability of the premises “yEi(cf) is less
than 2% and “,uFi(xffz) is less than 2%, 'respectively.
Therefore, when o = o, = 0, the mean values of both
the intervals become equal to the mean value of A%, and
thus a conservative optimal solution or solution at no
optimism level for constraints (12) and (13) is obtained,
whose deterministic equivalents are expressed through
constraints (40)—(43). Similarly, as the values of o and o,
increase towards unity a more optimistic optimal solution
is obtained. The decision-maker selects the values of a;
and o, equal to zero when the water-quality management
issues in the river system are too critical and important,
otherwise some optimistic strategy can be considered by
choosing values of o; and o, close to unity. A linear
relationship, ¢ = f(x%) [analogous to Eq. (17)], is
developed, considering the method proposed by Fujiwara
et al. (1987, 1988), and Sasikumar and Mujumdar (1998),
based on the Streeter and Phelps equations (Strecter and
Phelps, 1925), to express the DO deficit, ¢i° as a function of
the levels of fractional removal, xi. All ¢f terms are
expressed in terms of xi, which results in x; as the only
decision variables in the optimization model (37)—(49). For
further verification it should be noted that a detailed
description of the transport model used in the present
hypothetical case study and the linear expressions [same as
Eq. (17)] relating DO-deficit (¢f) and BOD removal (x;
are given in Sasikumar (1998) and Mujumdar and
Sasikumar (2002).

In the modified GFWLAM, objectives (37) and (38) are
maximized, and objective (39) is minimized individually in
three separate subproblems along with constraints
(40)—(49) to obtain the maximum and minimum possible
values of 2*,27 and [(A" —A7)/(AT +27)] (. e., ideal
points O, 0», O3 and worst possible values ¢, ¢», ¢3 of the
fuzzy multiobjective optimization technique as mentioned
in the appendix), respectively. As discussed earlier, another
objective of the river water-quality management is to
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Table 2
Details of imprecise membership functions®
River Reach (1)  Check ¢, (mg/L) (3) M, (mg/L) (4) x5, (5) XM, (6)
points (2)
— + — + — + — +
R, 1-2 (0.00) (3.00) (0.30) (0.85)
0.00 0.00 2.70 3.20 0.25 0.35 0.80 0.90
R, 3-6 (0.10) (3.00) (0.30) (0.85)
0.00 0.10 2.70 3.20 0.25 0.35 0.80 0.90
R; 7-11 (0.20) (3.50) (0.35) (0.85)
0.17 0.22 3.30 3.70 0.30 0.40 0.80 0.90
Ry 12—-18 (0.20) (3.50) (0.35) (0.85)
0.17 0.22 3.30 3.70 0.30 0.40 0.80 0.90

‘() : deterministic case, ‘—* : lower bound, ‘+’

permit more flexibility (i.e., more width of the interval) in
the optimal fractional removal level (fc,in). Thus maximiza-
tion of the grey degree of xi [ie., Gd(xi)=(x) —
x,)/0.50x) + x,)] is considered as another objective
along with objectives (37)—(39). The maximum and
minimum values of the grey degree of xE are determined
from the three subproblems, which are considered as
the ideal (i.e., Q4m) and worst (i.e., ¢4m) values, where
subscript “‘m” denotes the discharger. To represent the
objective of maximizing the value of Gd(xf) a non-
decreasing linear membership function, taking Q,, and
qam as the reference point and reservation level, respec-
tively, is considered as

HanlGd(x,,)]
1 Gd(Xi) > Q4m
= [Gd(x;:},;) - q4m]/[Q4m - q4m] Qam = = Gd(xi) = Q4m vm B
0 Gd(xi) < q4m
(50)

Similarly, maximization of objectives (37) and (38) is
achieved by using non-decreasing linear membership
functions. Objective (39) is a minimization type, and is
addressed in the model by the non-increasing linear
membership function, given by

1

w2 = 27)/GF + ) =4 [Qy — {(F —
0

where Qs and g3 are the possible individual maximum and
minimum values, respectively, of the third objective (39).
The fuzzy decision concept with the minimum operator
(i.e., “logical and”) is applied to aggregate the membership
functions of objectives (37)—(39) along with four other
objectives for maximizing Gd (x) for the four dischargers.
The solution of the resulting problem gives a Pareto-

AT +27M/1Qs —

: upper bound, “*. source of data (Sasikumar, 1998; Mujumdar and Sasikumar, 2002).

optimal solution of the fuzzy multiobjective optimization
problem for fractional removal levels of BOD (i.e.,
(X = ().

The water-quality management problem with the same
hypothetical river system is solved by using a fuzzy goal

programming technique [given in the appendix], which
confirms the consistency of solutions.
The results obtained by applying the modified

GFWLAM to the hypothetical river system are described
in the following section.

5. Results and discussion

The results obtained from the modified GFWLAM are
summarized in Tables 3-5, and facilitate a comparison
between the deterministic case, where the membership
parameters are deterministic numbers, and the grey uncertain
case, where the membership parameters are uncertain.

Table 3 shows the optimal fractional removal levels of
the pollutants by different dischargers (i.e., X" m}) for
the grey uncertain case (with average grey degree of
31.30%, as given in Table 2 for c}?i,clfi,x}nf, and xM+*
obtained from the modified GFWLAM using the fuzzy
multiobjective optimization technique. In Table 3, columns
1-3 show the results obtained from subproblems 1-3, i.e.,
maximization of A", maximization of A~ and minimization

[(/1+ - )_)/(ﬂ+ +/2)1<4qs,
4k [T =2)/QF + A7) = Qs (51)
[(A+ —20)/CGF + 1> Qs,

of the width of /% (equivalent to minimizing [(AT — A7)/
(A1 4+ 7)), respectively. The payoff matrix of the fuzzy
multiobjective optimization is formed, picking the mini-
mum and maximum values of A" [objective (37)], A"
[objective (38)], (At —A7)/(AT + A7) [objective (39)] and
Gd(xt),...Gd(x§) from columns 1-3; rows 6, 5, 8, and
9-12, respectively, as the procedure mentioned in the
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Table 3
Details of fractional removal levels using fuzzy multiobjective optimization technique (when o and o, = 0)
Row No. Subproblem-1 Subproblem-2 Subproblem-3 [Min. Modified Deterministic GFWLAM (6)

(Max. A1) (1) (Max. 47) (2) (At =2/t +27)]  GFWLAM (4) model (FWLAM)

(3) )
1 xi [0.4845, 0.7751]  [0.5955, 0.5964]  [0.6060, 0.6531] [0.5198, 0.6693] [0.6150, 0.6150] [0.5970, 0.6410]
2 xf [0.4682, 0.7987]  [0.5967, 0.5970] [0.4301, 0.6578] [0.5089, 0.6711] [0.6150, 0.6150] [0.5970, 0.6410]
3 xi [0.5190, 0.7951] [0.6124, 0.6126]  [0.5517, 0.5679] [0.5446, 0.6810] [0.6360, 0.6360] [0.6120, 0.6700]
4 xf [0.5172, 0.7970] [0.6121, 0.6127]  [0.6324, 0.6517] [0.5402, 0.6786] [0.6360, 0.6360] [0.6120, 0.6700]
5 A" 0.0006 0.3121 0.1052 0.1966 0.4277 0.3126
6 it 0.9592 0.3618 0.1052 0.5528 0.4277 0.5745
7 Gd()%) — — — 0.9506 0.0000 0.5903
8 o =i7/ 0.9987 0.0737 0.0000 — — —
AT+

9 Gd(x}) 0.4615 0.0015 0.0748 0.2514 0.0000 0.0711
10 Gd(x¥) 0.5217 0.0004 0.4186 0.2750 0.0000 0.0711
11 Gd(x¥) 0.4202 0.0003 0.0288 0.2225 0.0000 0.0905
12 Gd(xf 0.4259 0.0010 0.0300 0.2272 0.0000 0.0905
13 Avg. Gd(X*)  — — — 0.2440 0.0000 0.0812
Table 4

Details of DO-deficit at the checkpoints

Checkpoints DO-deficit (mg/L) Gd(c¢}) from  Gd(c}) from
modified GFWLAM
Lower Upper GFWLAM
bound bound
() ()
(1) @ 3) ) 3)
1 0.0543 0.0688 0.2355 0.0678
2 0.0796 0.1050 0.2756 0.0909
3 0.1466 0.1718 0.1584 0.0516
4 0.2611 0.3449 0.2763 0.0797
5 0.3653 0.5022 0.3157 0.0952
6 0.4593 0.6443 0.3353 0.1002
7 0.5439 0.7277 0.2892 0.0861
8 0.7020 0.9631 0.3136 0.1006
9 0.8452 1.1762 0.3276 0.1084
10 0.9750 1.3695 0.3366 0.1137
11 1.0916 1.5435 0.3430 0.1167
12 1.1380 1.5852 0.3285 0.1118
13 1.2863 1.8053 0.3358 0.1167
14 1.4191 2.0027 0.3411 0.1206
15 1.5386 2.1805 0.3452 0.1232
16 1.6452 2.3392 0.3483 0.1253
17 1.7401 2.4806 0.3508 0.1270
18 1.8236 2.6051 0.3529 0.1284

appendix. For example, columns 1-3, row 5 show the
values of A~ obtained from sub problems 1-3, respectively.
The maximum value of A" (i.e., @, = 0.3121) is obtained
from sub problem 2 and the minimum value (i.e.,
g2 = 0.0006) is obtained from sub problem 1. The fuzzy
set requirements of all the objectives are quantified by
eliciting linecar membership functions considering the
elements in the payoff matrix as membership parameters
as discussed in the appendix-fuzzy multiobjective optimiza-
tion”. Column 4, rows 1-6 show the optimal fractional

removal levels of the pollutants by different dischargers
(e, X t o {fc,fq}) and corresponding j,i values. To evaluate
the quality of input or output uncertain information, a
measure of “Grey degree” is used [Eq. (2)]. The decrease in
the grey degree of the optimal value of the objective
function indicates increasing effectiveness of the grey
model and decreasing system uncertainty. In column 4,
row 7 the grey degree of /Ifi(i.e., 0.9506) shows the quality
of the optimal solutions (A =[0.1966, 0.5528]; where the
WMV (4,,) = 0.3747, width (4,,) = 0.3562 and grey degree
of J5 = (0.3562/0.3747) = 0.9500, i.e., 95.06%). In column
5 the deterministic case is presented, for which the average
value of the grey degree of input parameters is zero. The
resulting values of 77 and X7 in this case show the
deterministic solutions, indicated by the zero Valgis of grey
degrees in rows 7 and 9-12. The value of A in the
deterministic case, [0.4277, 0.4277] lies in the closed interval
as obtained in the grey uncertain case, i.e., [0.1966, 0.5528],
as the wvalues of all membership parameters (i.e.,
i, ¢, xpy, and x)F) for the deterministic case lie
within the ranges of intervals given in Table 2 for the grey
uncertain case. Next in column 6, the grey uncertain case is
presented as obtained from GFWLAM (Karmakar and
Mujumdar, 2004a), for which the average value of the grey
degree of input parameters (i.e., 31.304%) is the same as in
the modified GFWLAM given in Table 2. Comparing the
results shown in columns 4 and 6, rows 1-4, it can be
concluded that the width§i0f the optimal fractional
removal levels of BOD (X ) are more than those of
GFWLAM, which allows a wider choice to the decision-
maker in decision-making. The same observation can be

made more clearly by comparing the Gd(X jE) values shown

in rows 9-12 of columns 4 and 6. The value of Gd(ii)
(given in row 7 of column 4) is, however, more than the
value obtained from GFWLAM (row 7, column 6), which
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Comparison of solutions obtained by applying fuzzy multiobjective and fuzzy goal programming techniques

Fuzzy goal programming (minimax approach)

ajand o, = 0(1) oyando, = 025(2) ayando, = 0.53) ayando, = 0(4) oyand o, = 0.25(5) o and o, = 0.5 (6)

Row no. Fuzzy multiobjective optimization model

1 * [0.1966, 0.5528] [0.2206, 0.5741] [0.2530, 0.6054]
2 Gd[AE] 0.9506 0.8896 0.8211

3 xf [0.5198, 0.6693] [0.5945, 0.6561] [0.3867, 0.6353]
4 x5 [0.5089, 0.6711] [0.4889, 0.6550] [0.6030, 0.6353]
5 xf [0.5446, 0.6810] [0.5890, 0.6672] [0.5715, 0.6481]
6 xi [0.5402, 0.6786] [0.5441, 0.6663] [0.5973, 0.6460]
7 Avg. Gd[X*] 0.2440 0.1789 0.1856

8 Avg. Gd[c*] 0.3116 0.2441 0.1969

[0.2066, 0.5064]
0.8411
[0.5268, 0.6652
[0.5302, 0.6656
[0.5367, 0.6757
[0.5357, 0.6747
0.2294
0.2808

[0.2259, 0.6044]
0.9117
[0.5594, 0.6482]
[0.5383, 0.6531]
[0.5575, 0.6634]
[0.5291, 0.6618]
0.1840
0.2195

[0.2612, 0.6153]
0.8081
[0.6278, 0.6299]
[0.5753, 0.6302]
[0.5390, 0.6431]
[0.5662, 0.6431]
0.0994
0.1055

indicates more uncertainty in the system compared to that
resulting from the GFWLAM solution. The result obtained
from the modified GFWLAM is more useful to the
decision-makers as it gives a wider range in the interval
valued optimal fractional removal levels of the pollutants
than GFWLAM, although at the cost of increasing
uncertainty.

Table 4 gives the DO-deficit values for all 18 checkpoints
resulting from the fractional removal levels of BOD listed
in Table 3 (column 4, rows 1-4). The relationships given in
Eq. (18) and (19) are used to obtain the lower and upper
bounds of the water-quality indicators (¢; and ¢]) from the
upper and lower bounds of the fractional removal level of
pollutant (x; and x;,), respectively. Columns 4 and 5 of the
Table 4 compare the grey degrees of concentrations of DO-
deficit obtained from the modified GFWLAM and
GFWLAM.

In Table 5, columns 1-3 show the optimal solutions
obtained for oy = 0, o, = 0; o; = 0.25, ar = 0.25; and
a; = 0.50, o, = 0.50; respectively. As the values of o; and
o, increase to unity, constraints (12) and (13), whose
deterministic equivalents are expressed through constraints
(40)—(43), approach their limiting values and result in more
optimistic optimal solutions. Comparing values of 4 in
row 1 of columns 1-3, it is seen that as the values of o; and
o, increase, the values of both the bounds of A* increase,
indicating an increased level of optimistic optimal solu-
tions. The optimal ranges of fractional removal levels of
BOD (ie., X ) foroy = 0, 0= 0;04 = 0.25, 05 = 0.25;
and oy = 0.50, o, = 0.50 are given in rows 3—6 of columns
1-3, respectively. Columns 4-6 show the solutions obtained
from the fuzzy goal programming technique (minimax
approach), which confirms the consistency of the reAsillts
given in columns 1-3. Similarly, comparing values of 4 in
row 1 of columns 4-6, it is seen that as the values of o, and
o, increase the values of both the bounds of 4 increase,
indicating the increased level of optimistic optimal solu-
tions. The optimal ranges of fractional removal levels of
BOD (i.e., X i) obtained by applying the fuzzy goal
programming technique for o; = 0, axb = 0; oy = 0.25,

oy = 0.25; and oy = 0.50, o, = 0.50 are given in rows 3—6
of column 4-6, respectively.

Rows 1-4 of column 5 in Table 3 present the optimal
fractional removal levels of BOD for dischargers 14, i.e.,
x120.62, x,20.62, x370.64, and x4~0.64, fixed by the
decision-maker as obtained from the deterministic water-
quality management model, FWLAM, developed carlier by
Sasikumar and Mujumdar (1998), which gives the optimal
goal fulfillment level as A = 0.4277 (rows 5-6 in column 5).
As the values of fractional removal levels are crisp or
deterministic (i.e., white numbers), the decision-maker
would not get any flexibility on adjusting these values in
the final decision scheme of pollutant removal considering
the technical and economic feasibilty of these pollutant
treatment levels. In column 4, the optimal values of the
lower and upper bounds of A* (rows 5-6) correspond to
different distributions of optimal fractional removal levels
of BOD (rows 1-4). Therefore, the decision-maker gets a
range of optimal solutions in the flexible decision space.
For example, the interval valued optimal fractional
removal of BOD for discharger 1 (&) is [0.5198,
0.6693]1~[0.52, 0.67], which indicates that any value of
BOD removal between 52% and 67% may be fixed for
discharger 1, which ensures a A% -value within [0.1966,
0.5528]. Similarly, for other dischargers, i.e., fcfz[O.SI,
0.67]; )%?%[0.54, 0.68]; and fcfz[ﬂ.54, 0.68], wider ranges
of optimal fractional removal levels are obtained than
those given by the previously developed GFWLAM,
presented in rows 1-4, column 6 (i.e., fcliz[O.60, 0.64];
%5 ~[0.60, 0.64]; %3 ~[0.61, 0.67]; and %7 ~[0.61, 0.67]).
This indicates that the decision-maker gets a more flexible
optimal solution space within which the final decision for
fractional removal can be fixed. Selection of particular
values from the optimal interval valued fractional removal

levels of BOD (fc,in) for implementation in the field ensures

a A*-value within [0.1966, 0.5528]. From the model
formulation it cat}ibe congkuded that planning for an
upper bound of 4, ie., 4 represents an “optimistic
strategy”’; whereas, planning for a lower bound of 4 , i.e.,
/A represents a ‘“‘conservative strategy’’.
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6. Concluding remarks

This paper presents a modified grey fuzzy waste load
allocation model (modified GFWLAM) for water-quality
management of a river system. A previously developed
fuzzy waste load allocation model (FWLAM) is extended
to address uncertainty involved in fixing the membership
functions for conflicting goals of the pollution control
agency (PCA) and dischargers considering the membership
parameters as interval grey numbers. The paper demon-
strates modelling aspects of uncertain membership func-
tions and shows the usefulness of solutions with a
simplified hypothetical river system in which only the
BOD point sources are considered as pollutants and the
DO-deficit at a finite number of checkpoints is used as the
water-quality indicator. In a majority of waste load
allocation models, the measure of performance is related
to the overall cost of pollution control, including the waste
treatment cost. Incorporating the cost functions directly
into the optimization models poses difficulties due to
uncertainty, lack of adequate data, and non-linearity
associated with the cost functions. The FWLAM has the
advantage that the cost functions are eliminated while the
fuzzy goals of the dischargers are incorporated through
membership functions.

The membership functions themselves are subjective
statements of the perceptions of the decision-makers. The
values of the parameters in the membership functions
depend on the responses of a decision-maker to water-
quality and fractional removal levels. In practical situa-
tions, different water-quality standards for surface water
intakes are used for different uses, which results in an
uncertainty in the membership parameters for the goals of
PCA. To address uncertainty in these bounds, the
membership functions themselves are treated as fuzzy in
the fuzzy optimization model. Consideration of imprecise
membership parameters in the fuzzy optimization model
imparts flexibility in decision-making as the fractional
removal levels are obtained as interval grey numbers. The
modified GFWLAM gives a new methodology to get a
satisfactory deterministic equivalent of a grey fuzzy
optimization problem, using the concept of acceptability
index for a meaningful ranking between two partially or
fully overlapping intervals. Although the solutions ob-
tained from the present model provide more flexibility than
those given by the previously developed GFWLAM
(Karmakar and Mujumdar, 2004a), the application of the
modified GFWLAM is limited to grey fuzzy goals
expressed by linear imprecise membership functions,
whereas GFWLAM has the capability to solve the grey
fuzzy optimization model with monotonic non-linear
imprecise membership functions with oy and Bj,,#1, in
Egs. (8) and (9).

The model will be more useful with more realistic
solutions if it is applied to a critical case study where all
dischargers play a critical role in influencing the value of
the model performance measure, A*. A limitation of the

model presented in this paper, however, is that in situations
where multiple solutions exist, the optimal values obtained
from the deterministic model may not lie within the
optimal interval values obtained from the modified
GFWLAM, for some solutions. The present model is not
limited in application to any particular pollutant or water-
quality indicator in the river system. Given appropriate
transfer functions for spatial and temporal distribution of
the pollutants in the water body, it can be used for water-
quality management of any general water system. The
methodology described in the formulation of the modified
GFWLAM to get a satisfactory deterministic equivalent of
a grey fuzzy optimization model is valid only for linear
imprecise membership functions. Addressing the uncer-
tainty in membership parameters with non-linear imprecise
membership functions should provide a new direction for
future research. A new grey fuzzy stochastic programming
technique (Huang et al., 1995; Huang and Loucks, 2000)
can be developed to get the optimal values for fractional
removal in the form of interval grey numbers addressing
also the uncertainty due to randomness in variables such as
streamflow, effluent flow, reaeration coefficient, deoxy-
genation coefficient, and temperature.

Appendix
A.1. Acceptability index

Sengupta et al. (2001) introduced an extended order
relation between the intervals a* =[a~,a*] and b* =
[b~,b"] on the real line R. A premise a*(<)b™ is formed
to imply that a* is inferior to 5. Here, the term “inferior
to” (“‘superior to”) is analogous to ‘“‘less than™ (“‘greater
than’). Let I be the set of all closed intervals on the real
line R. The acceptability index (A4) is defined as 4 : I x I—
[0, oc) such that

Alat(<)b™] = [mb*) — ma®)]/ [wb™) + w@®)], (A.D)

where [w(b®) + w(a®)]#0; w(a®) is the half-width of a* =
1/2(a* — a™); m(a*) is the mean of a* =1/2(a” +a")
which is same as WMV in the grey systems (Huang et al.,
1995). Notations are similarly defined for the interval grey
number . The grade of acceptability of a*(<)b™ may be
classified and interpreted further on the basis of the
comparative position of the mean and half-width of
interval b* with respect to those of interval a* as follows:

=0 if m(a*) = m(b*),
Alat(<)b*]={ >0, <1 if m(a*)<m(b*)and a™>b",
>1 if ma®)<m(b*)andat < b".

(A.2)

If A[a*(<)b*] =0, then the premise “a* is inferior to
b*“is not accepted. If 0< A [a*(<)b*]< 1, then the premise
[a*(<)b*] is accepted with different grades ranging from
zero to one. If A[a*(<)b*]>1, the interpreter is
absolutely satisfied with the premise [a*(<)b™].
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Similar to the grey degree of grey systems theory (Huang
et al., 1995) the acceptability index is a means of
quantitatively comparing the uncertainty involved in the
interval grey numbers. Let us consider an interval d* which
is inferior to the equi-centered intervals b7 and b5 [ie.,
m(bf) = m(b?)]. Then, as compared to d*, the grade of
acceptability of superiority of the less uncertain interval is
higher than the grade of acceptability of superiority of the
more uncertain interval. Symbolically, If A [di(<)b1i]>0,
A[d*(<)bF]>0 and A [bi(<)bs]=0but bE#bF as
w(bT)#(b3); then,

A [d=(<)bT]> A [dF(<)bS]iff w(b) <w(by), (A.3)
and
A [d=(<)bT]< A [d=(<)bT]iff w(bT)>w(by). (A.4)

Let us consider an interval inequality relation a*x > b,
where x is a deterministic variable. Keeping in view the
properties of acceptability index, a satisfactory determinis-
tic equivalent form of the interval inequality relation

a*x > b, is proposed as

atx > b* = {a"x > b and 4 [a*x(<)bF] <« € [0, 1]},
(A.5)

where o is interpreted as an optimistic threshold assumed
and fixed by the decision-maker. At oo = 0, the solutions at
no optimism level are obtained. Therefore, the position
(i.e., position of mean) of an interval compared to that of
another reference interval results in whether the former is
superior or inferior to the latter. On the other hand, the
width of a superior (inferior) interval compared to that of
the reference interval specifies the grade to which the
decision-maker is satisfied with the superiority (inferiority)
of the former compared to the latter. Similarly, a
satisfactory deterministic equivalent form of the interval
inequality relation a*x < b* is proposed as

a*x <b* = {atx < bt and 4 [aTx(>)bF] < x € [0, 1]},
(A.6)

where the symbol (>) indicates “‘superior to’’, which is
analogous to ‘“‘greater than”.

A.2. Fuzzy multiobjective optimization

The fuzzy multiobjective optimization technique was
first introduced by Sakawa (1984). In general the multi-
objective programming problem is represented as the
following vector maximization problem (Sakawa, 1998):

max{f(x), ... ()} (A7)
Subjectto  g,(x) <0;xe Xlxe R h=1,...,s, (A.8)

where f1(x),..., fx(x) are k fuzzy objective functions of the
decision vector x; gi(x),..., g«x) are s inequality con-
straints; and X is the feasible set of constrained decisions
and a subset of decision space R". Here, for simplicity,
assume that all f;(x), i = 1,...,k, are convex and differenti-

able, and the constrained set X is convex and compact.
Fundamental to the multiobjective programming problems
is the Pareto-optimal or non-inferior or efficient solution.
x" is said to be a Pareto-optimal solution if and only if
there does not exist another x € X, such that, f,(x) > f,(x*)
for all 7 and f,(x)#f;(x*) for at least one i.

The fuzzy set requirements in the objective functions can
be quantified by defining membership functions y;[f;(x)]
for all i=1,...,k. For example, in a maximization
problem, a strictly monotonic non-decreasing function
with respect to f{x) is assumed as follows

1 S1()>0;,
wlf (0] =< dilx) ¢q; < f1(x) <0, (A.9)
0 S1(0)<q;,

where Q; and g; represent the values of f;(x) such that the
grade of the membership function [ f; (x)] is 1 (maximum)
and 0 (minimum), respectively. The intermediate function
values are expressed by a strictly monotonic non-decreas-
ing function d;(x) with respect to f;(x). Sakawa (1984)
suggested calculation of the individual maximum (Q;) and
minimum (g;) of each objective function, f;(x), under the
given contraints by solving k number of sub-problems. Let
x' be a solution, then, Q; = f; (x")| Max{w[ f; (x)]|x € X}.
Similarly, ¢; =f; (x)|Min{p[f; (x)]|x € X}. The vector
0=(01, 0,..., Q) is called the “ideal point” and
q = (q1, q2,-.., qi) is called the “worst possible value”. It
is clear that the inequalities ¢; < f; (x) < Q; hold for each x
in X. The “payoff matrix” of a k-objective problem is
defined as

x! x2 xk
fi Q f1(x?) f1(x¥)
f2 f2(x")  Q, f2(x¥)
. . . . (A.10)
fo () ) . . Qg

The intermediate function values are expressed by a
strictly monotonic non-decreasing function  d;(x)
with respect to f;(x). d;(x) may be linear, exponential,
hyperbolic, hyperbolic inverse, and piecewise linear. For
example, if d;(x) is considered as a linear non-decreasing
function, then

wlfiOl=di (x) =[f; (x) — q;1/10; — qi]. (A.11)

Having determined the membership functions for each of
the objective functions, Sakawa (1984) suggested to use the
fuzzy decision concept (Bellman and Zadeh, 1970) to
obtain the aggregated decision considering all the objec-
tives:

Min (4 [£(OL 1L 500 9D, (A.12)

where [ f1(%)],..., tl fi (x)] are k membership functions
for fuzzy objectives 1 to k. The resulting problem to be
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solved is equivalent to solving the following problem:

Max A, (A.13)
Subjectto  wlf{(¥)] = A, Vi=1,... k, (A.14)
gi(x) <0, Vh=1,...,s, (A.15)
x e X|x e R", (A.16)

where capital lambda (A €[0,1]) is the degree of goal
fulfillment level; and g(x),..., gi(x),..., g,(x) are s inequal-
ity constraints. As the value of the A increases, the
objectives fi(x),..., fx(x) are fulfilled more. The solution
x" is a unique solution to the problem given in
(A.13)~(A.16), and thus x* is a Pareto-optimal solution
to the multiobjective optimization problem.

A.3. Fuzzy goal programming

The fuzzy goal programming technique for multiobjec-
tive programming problems presented by Pal and Moitra
(2003) is extended by applying the minimax approach
proposed by Sakawa et al. (1987). The multiobjective
optimization problem presented in the previous subsection
may be formulated as a fuzzy goal programming problem
and written as:

k
Min[Max ; wrd], (A.17)
Subject to  wlf (x)]+d; —df =1, Vi=1,....,k,
(A.18)
d7,df >0withd;df =0, Vi=1,...,k, (A.19)
gr(x) <0, Vh=1,...,s, (A.20)
xe X|xeR", (A.21)

where d; (> 0) and d; (> 0) represent the under-and over-
deviational variables, respectively, from the aspired levels
of the respective fuzzy goals and where the values of w; are
determined as (Pal and Moitra, 2003)

wi =1/(Q;—q)Vi=1,... k. (A.22)
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