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The problem of characterizing response variability and assessing reliability of vibrating
skeletal structures made up of randomly inhomogeneous, curved/straight Timoshenko
beams is considered. The excitation is taken to be random in nature. A frequency-domain
stochastic finite element method is developed in terms of dynamic stiffness coefficients of the
constituent stochastic beam elements. The displacement fields are discretized by using
frequency- and damping-dependent shape functions. Questions related to discretizing the
inherently non-Gaussian random fields that characterize beam elastic, mass and damping
properties are considered. Analytical methods, combined analytical and simulation-based
methods, direct Monte Carlo simulations and simulation procedures that employ
importance sampling strategies are brought to bear on analyzing dynamic response
variability and assessment of reliability. Satisfactory performance of approximate solution
procedures outlined in the study is demonstrated using limited Monte Carlo simulations.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Problems of response analysis and reliability assessment of structural dynamical systems,
characterized by spatially inhomogeneous random properties, are currently receiving wide
research attention [1, 2]. In addition to the discretization of displacement and force fields,
this class of problems requires discretization of structure property random fields [3-5]. This
results in the replacement of continuously parametered, spatially varying random fields by
a set of equivalent random variables. Consequently, the structural matrices become
functions of these random variables. Subsequent solution steps are carried out in
a probabilistic framework and typically involve eigenvalue analysis, uncoupling of
equations of motion, forced response characterization and reliability estimation. This
requires application of perturbation/Neumann series expansions or Monte Carlo
simulation techniques that result in the determination of measures of response variability
and structural reliability [6-8].

Recently, Manohar and Adhikari [9] and Adhikari and Manohar [10, 11] adopted the
dynamic stiffness matrix approach for analyzing dynamic response of skeletal structures
made up of randomly inhomogeneous Euler-Bernoulli beams. These authors employed
frequency-dependent shape functions to discretize both the displacement fields and the
structure property random fields. These shape functions were also dependent on the mass
and stiffness properties of the system. This leads to a new form of frequency-dependent
weighted integrals in contrast to the weighted integral approach proposed earlier [12-15] in
the context of static problems. More importantly, the proposed method eliminated the need
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for performing the difficult task of stochastic eigenvalue analysis before the dynamic
response could be determined. The use of frequency-dependent shape functions ensured
that the discretization scheme adapted itself to the driving frequency ranges, thereby,
relieving the dependency of mesh size in relation to the excitation frequency. The studies by
Manohar and Adhikari were limited to the estimation of measures of response variability
and could handle only Gaussian models for structural property random fields.
Subsequently, Manohar et al. [16] employed extensive Monte Carlo simulations to
examine the dependence of response variability in skeletal structures on the choice of
probability density function (pdf) and auto-correlation function models.

In this study, the earlier formulations of Manohar and Adhikari are extended to include
the following new features:

1. Development of stochastic dynamic stiffness matrix for randomly inhomogenous
circular/straight Timoshenko beams.

2. Use of frequency-dependent shape functions that are additionally dependent on
damping; this enables treatment of damping characteristics in a more systematic
manner.

3. The structure property random fields are modelled as being non-Gaussian.
Specifically, it is assumed that the structural properties, such as mass and Young’s
modulus, have bounded ranges which ensure that these quantities do not assume
negative values. The information available on these random fields is taken to be
limited to the range, mean and covariance functions. Based on this information, a first
order non-Gaussian pdf is obtained by invoking the principle of maximum entropy.
This, in conjunction with the knowledge on covariance functions, is further employed
to develop Nataf’s models for the random fields [17, 18].

3. An alternative random field discretization scheme, based on weighted integral
approach and optimal linear expansion (OLE) [19], is used to discretize the system
property random fields. This study also clarifies a few aspects relating to discretization
of non-Gaussian random fields using OLE.

5. Finally, measures on reliability are estimated by using the results on first passage
failure of randomly excited systems and also by using importance sampling-based
Monte Carlo simulations.

2. RANDOMLY INHOMOGENEOUS CURVED TIMOSHENKO BEAM ELEMENT

The field equations governing the motion of an inhomogeneous circular Timoshenko
beam (Figure 1) and the set of admissible boundary conditions are determined by applying
Hamilton’s principle [20] and are reproduced here as follows:
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Figure 1. Inhomogeneous curved Timoshenko beam element: (a) front view, (b) cross-sectional view; E(¢), G(¢),
(), b(), d(¢), c1(¢p), c2(¢p) and c¢3(¢) are random fields.
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In these equations, E and G are, respectively, Young’s and shear modulus, k is the shape
factor, p is the mass density, b and d are, respectively, the breadth and depth of the
cross-section, A = bd is the area of the cross-section, I = 5bd> is the moment of inertia
about the axis of rotation, R is the radius of curvature and c;, ¢, and c¢3 are the viscous
damping coefficients along the radial, tangential and rotational displacements respectively.
Equations (1-3) represent a set of linear partial differential equations in the spatial
co-ordinate ¢ and time t, with W, V and ¥, respectively, denoting the radial, tangential and
rotational displacements. Furthermore, the stress resultants, namely, bending moment (.#),
shear force (&) and axial force (%) are obtained, respectively, as

_ kA($)G(9) 1ow

§ = <V+§—a¢ —R‘I’), )
_ E@)I(¢)o¥ 7 _E@A@) oV

M=TR o TR <a¢> > o0

The set of admissible boundary conditions for the curved beam element at ¢ = ¢, and
¢ = ¢, where ¢, and ¢, are the limits of the spatial domain, are: (1) for a fixed end: W = 0,
V=0 ¥=0,(2) for a hinged end: # =0, W =0, V =0 and (3) for a free end: .# =0,
& =0and # = 0. In this study, the quantities E(¢}), G(¢), p(¢p), b(¢), d(¢p), c1 (), ¢2(¢p) and
¢3(¢) are obtained by perturbing the associated nominal values by homogenous random
fields as follows:

E(@)=Eoll +e1/i(9)],  G(@) = Goll + &2 /2(9)],

b(¢) =bo[1 +&3f3(P)],  d(d) =do[l + &4 fa(P)],

P(@)=poll +esfs(@)],  ci(@) =ci,[1 + &6 f6(P)],
c2(P) = o [1 +&7/7(P)]. c3(P) =5, [1 + &5 fs (D). ()



1054 S. GUPTA AND C. S. MANOHAR

In these equations, the subscript 0 indicates the nominal values, 0 < g,«<1(k =1, ...,8) are
deterministic constants denoting the strength of the randomness and f; (¢) (k = 1, ...,8) are
assumed to be mutually independent, homogeneous random fields with mean p, and
covariance %y (t) = {(fi(¢h) — ) (f(d + 1) — wi)>. Here {-) denotes the mathematical
expectation operator. The following additional restrictions are taken to apply on the
random fields: (1) the random fields f,(¢) (k = 1, ...,8) are mean square bounded, (2) f;(¢)
(k=1,...,4) are twice differentiable in the mean square sense; this requires that
* R (P1,92)/0p10¢3 must exist for all ¢p; and ¢, in the interval ¢, and ¢, and (3) for
a specified deterministic function g(¢), which is bounded and continuous in (¢, ¢ ),
1ntegra1s of the type j “g(d) fr(p)d¢ exist in a mean square sense; this requires that
b j% lg(py )g(¢2)jkk(¢1,¢2)|d¢1 d¢, <o (k=1,...,8). The first two conditions ensure
that the sample realizations of the beam have sufﬁciently smooth behaviour so that the
various stress resultants and boundary conditions (such as those at the free edge) are
satisfactorily described. The third condition is required for the development of the
procedure used in this study. It may be noted that these conditions impose restrictions
essentially on the covariance model of the random fields. Furthermore, since the quantities
on the right hand-side of equation (7) denote strictly positive physical parameters, f;(¢)
(k=1,...,8), are required to satisfy the condition P[1 + ¢ fi(¢) > 0] = 1, P[ -] denoting
the probability measure, thus imposing a restriction on the pdf model of the random fields
fi(¢). It may be noted that, although f,(¢) (k=1,...,8) are taken to be mutually
independent, these models still ensure that the quantities EI(¢), GA(¢) and pA(¢) remain
mutually dependent as might be expected. It is to be noted that the nominal cross-section of
the beam is taken to be rectangular. By virtue of stochastic perturbations impressed on b(¢)
and d(¢), the sample realization of beam cross-section depart from strict rectangular shape.
On account of this, the beam displacements W, VV and ¥ can be expected to get coupled to
the twisting of the beam. This secondary coupling effect, however, is not considered in this
study.

In order to postulate models for probability distribution, it is assumed that the
information on f; (¢) is limited to ranges (ax, by) on fi (¢) such that P[a;, < fi(¢) < b ] =1,
for all ¢, a, > — o0, a, < b, < 00, mean y, and covariance Ry, (7). This would mean that
a complete knowledge on pdf of f,(¢) is assumed to be lacking. This assumption is believed
to be realistic, given the current state of knowledge in modelling of structural uncertainties
[2]. It must be noted here that the limited available information on f, (¢) is inadequate for
carrying out the response analysis, especially, using simulation methods. To overcome this
problem, it is proposed that a model for the first order pdf of f,(¢) be constructed by
invoking the principle of maximum entropy [21]. This involves finding p , ({) that maximize
entropy # given by

# = - f . (Ologp, (OdL (8)

[

subject to the constraints

by by
J pp(O)dl =1, J {ps (D) Al = g, ©, 10)

by
J‘ (¢ - .Uk)zpfk({)dg = 0/% = i (0). (11)

ag
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Using variational calculus, it can be shown that the resulting optimal pdf has the form

pr(0) = A exp[ — 25,0 — 43, (( — .uk)z]a a < { < by, (12)

where the constants 4,,, 4,, and A5 _are selected so that the constraint equations (9-11) are
satisfied. Furthermore, this model for the first order pdf is combined with the known
covariance function % ({;,{,) to derive Nataf’s model for the higher order pdfs following the
procedure outlined in reference [18]. This leads to the joint pdf

ps (&) - pr(s)

Pros(Cos s le) = hy, v, (01, .. 018) ; 13)
o ) = P O M8 R G (
where V,,...,Vg are standard normal variates obtained by the memoryless
transformations on fi, ... ,fs given by

Go=Hy'[Pr ()], k=1,....8 (14)

Here Py, ({i) (k = 1, ...,8) are the probability distribution functions (PDF) of f;, Hy, () are
the PDF of the marginal normal pdf hy, (1) and hy, v, (11, ..., %) is the joint normal pdf
with zero mean, unit standard deviation and unknown correlation coefficient matrix #.
These correlation coefficients %,; are in turn expressed in terms of the correlation
coefficients Z,; through the integral equations

b (*b; _ s
L%kj = J J‘ <]7k 'uk><’1j p MJ)thVi(V]k,l/[j;@)df’]kdr[j, k,] = 1, ,8. (15)

a, Jaj Ok J

These equations are solved iteratively to obtain %;.

3. FORMULATION OF DYNAMIC STIFFNESS MATRIX

Figure 2 shows a circular curved Timoshenko beam element in which harmonic
displacements J,exp[iwt] (k=1,...,6) coexist with harmonic forces Fyexp[iwt]

i i wt
5 (@) ¢l Wt 5, e

i wt ;
F3(O.)) e FG((*)) e| wt

Figure 2. Displacement and force boundary conditions for formulation of the dynamic stiffness matrix for
curved Timoshenko beam element.
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(k=1,...,6) where i = ./ — 1 and w is the driving frequency. The dynamic stiffness matrix
D (w) for the beam element relates these displacements ¢ (w) and forces F (w) through the
equation

D()d(w) = F (o). (16)

Clearly, for a damped beam element with stochastic inhomogeneities in the beam
properties, the dynamic stiffness coefficients Dy ;(w), for a fixed w, would be complex valued
random variables. To determine these coefficients, the displacements are represented as

W(p,1) = w(g)expliot],  ¥(¢,1) = p(¢)exp [iwt], (17, 18)
V (¢, t) = v(¢)exp[iot]. (19)

This leads to the elimination of time dependence in equations (1-3) and the equations get
simplified to ordinary differential equations of the form

— 0’p(¢)A(P)Rw + iwcy (P)w — <w>% i <w>w
kA(P)G(9)  E(P)A($)\dv dy(d)
B ( R + R >£ + kA (¢)G(¢)W =0, (20)

E(¢)A(¢)>d_zv 4 (EA(¢)G(¢)>U
R

— *p(P)A($)R0 + i (B0 — <T o

E@)A@)  FAGG)\ dv i}
e e e ) @
d? _
— ooy +iocson - (D) T4 Eaorciory
~FAIG) T~ FAGG() =0 @)

do

It may be noted that the coefficients of these equations are complex valued and are also
random in nature. The determination of D(w) requires the solution of equations (20-22)
under two sets of boundary conditions given by

w(ho) =01, (o) =92, Y(go) = I3,
W(gps) =04, v(dy) =05, Y(dy)=0s (23)

and

[—EA(‘f’)G(‘f’) <v o Lldw_ Rwﬂ (o) = F1. — [—E LoLlly) %] (ho) = Fs,

R Rd¢ R d¢
E($)A(¢) [ dv B kA($)G(¢) 1 dw _

E($)I(¢) dy E($)A(9) [ dv
—[T@J((l)f):Fs, [T<£—W>](¢f)=1:6~ (24)
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Thus, equations (20-22), together with the boundary conditions in equations (23) and (24),
constitute a set of stochastic boundary value problems. An exact solution to this problem is
currently not feasible. To proceed further, it is essential to either employ an approximate
procedure or resort to Monte Carlo simulations. In this study, Galerkin’s method is used to
seek approximate solutions and these are validated using Monte Carlo simulations.

3.1. DISCRETIZATION OF DISPLACEMENT FIELDS

The first step in the implementation of Galerkin’s method is to represent the displacement
fields as

w(o, w) = Z Zi(@) Ni(¢, @), v(¢,w) = Z Z () Pi(¢, ), (25, 26)

V() = Y, Zi(@)Quld, ), (27)

where Z,(w) are the generalized coordinates and Ni(¢, ), Pi(¢,w) and Qi(¢,w)
(k=1,...,6) are the displacement shape functions. In this study, the shape functions are
derived by solving the field equations (20-22) with the beam properties taken to be
independent of ¢ and equal to their nominal values, i.e., Eqlo, GoAg, poAo, C1,, C2, and c;,.
The uncoupling of the field equations [22] and the corresponding formulation of the shape
functions is described in Appendix A. The shape functions derived in this manner are
functions of frequency and damping, and are thus complex valued. A distinct feature of
these shape functions is that the spatial variations of these functions adapt themselves to the
frequency of harmonic excitations and possess the well-known property: N;(¢y) = j,
Pi(¢x) = 0, Qj(¢hi) = 0, where J is the Kronecker delta function. The plot of | P, (¢, w)| is
illustrated in Figure 3. It can be seen from this figure that at zero excitation frequency, the
shape function resembles the corresponding static shape function.

3.2. DISCRETIZATION OF RANDOM FIELDS

One of the key steps in the application of finite element method to problems involving
stochastic inhomogeneities is the discretization of the system property random fields. In the
present study, two alternative schemes are considered for this purpose.

3.2.1. Weighted integral approach

In this method, the random fields are discretized implicitly using the same shape
functions that have been used in discretizing the displacement fields (section 3.1). This
typically results in integrals of the form

br
Wa(w) = L GL1(@), . [s(@)INK(P, ) Ni(¢, ) dp, (28)

where the function 4 [ f;(¢),...,fs(¢)] is obtained by the combination of various system
random fields required for representing a particular quantity, e.g., EA(¢) = E(¢p)b(¢p)d(¢p).
Clearly, for a fixed o, # () is a random variable. Furthermore, in the present study, since
the shape functions are complex valued, the weighted integrals, for a fixed w, in turn,
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Figure 3. Shape function P, (¢, w) with ¢ = 0-9153 rad and ¢, = 2:2263 rad.

become complex valued random variables. It may be noted that, for static applications, the
weighted integrals are real valued with dependency on frequency being of no relevance
[14,15]. If 9[ f1(P), ..., [fs(¢)] is a Gaussian field, it follows that #",;(w) is a Gaussian
random variable. However, Gaussian models for strictly positive quantities such as density
and elastic rigidities are inappropriate, especially, if measures on structural reliability are to
be estimated. On the other hand, if 4 [ fi(¢), ..., fs(¢)] is non-Gaussian; in general, it is not
possible to obtain the probability distribution of # ;(w) [23]. However, the moments of the
weighted integrals can be obtained in terms of moments of [ fi(¢), ..., fs(¢p)] [24].

3.2.2. Optimal linear expansion

In this method, the choice of the shape functions used for discretizing the structure
property random fields are divorced from any considerations on discretization of
displacement fields. Here, a random field is represented by

fl¢)= i Se(@)f (P, Po <P <y, (29)

where S, (¢) are deterministic functions, n is the number of nodal points and f(¢;) are
random variables. Following Li and Der Kiureghian [19], S, (¢) are selected such that the
variance of error of discretization, given by

&3y = <{f(¢>) - i Sk((p)f(d)k)} > (30)
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is minimized, subject to the constraint that {gy» = 0. This leads to the solution
S(¢p)=2""17, (1)

where 7" is an n x 1 vector of expectations <{ f(x) f(¢x)>, (k = 1,...,n), & is the covariance
matrix of f, assumed to be non-singular and f is an n x 1 vector of random variables f(¢;)
(k=1,...,n). Thus, S;(¢) are dependent on the covariance of f(¢). It is of significance to
note that the shape functions Si(¢), so derived, also satisfy the relation Si(¢;) = di,
although this condition is not explicitly imposed as a requirement in deriving S, (¢). To
illustrate this, for an expansion with n terms, the equation for the shape functions are
written in matrix form

(B Bia . . B | [S1(9) LD (D))
Biy Bry . . . Bl |S2() L@ f(h2))
= . , (32)
| B Bow - o o B |SA) LD f (D))
where %, = {f(¢;) f(¢x)). Substituting ¢ = ¢, into equation (32) leads to
(B B o By . B [Sid)) [S@)f(@0)y) (B
Biy Bar . Ba . B | |S2(d)|  |S@V (D] | B
= ' ={ ). (33)

Bu Bu - Bu . B | |Si(d) (@) f (@) P

L egln an . '%ln . gnn . Sn(¢l) <f(¢l)f(¢n)> e@nl
Noting that % = %,;, it may be verified by direct substitution that, Si(¢;) = 0y
(k=1,...,n) is a solution of equation (33). Furthermore, since the rank of the coefficient
matrix in the above equation is n, the solution Sy(¢;) = 0, is the only solution. This
property is illustrated in Figure 4 where the first six shape functions are obtained for
a random field with covariance function of the form R, (t) = exp[ — at?], with a = 73,
which is used in the examples considered later in the paper. The property that Si(¢;) = 0y 18
clearly evidenced in this figure. As a consequence of this property, it follows that the first
order pdf of f(¢) matches exactly with the corresponding pdf of f(¢) for ¢ = ¢, (I = 1,...,n).
This implies that the mean square error {&§)» becomes zero at ¢ = ¢, (I = 1,...,n). The
choice of n is made by requiring that the global error j¢f (ed>d¢ remains less than the
prescribed limit. Figure 5 shows the PDF of f(¢) at ¢ = $1 obtained using Monte Carlo
simulations with 500 number of samples. The plot is displayed on a normal probability
paper. For the purpose of comparison, the PDF of a normal variate with the same mean
and standard deviation as that of f(¢,) is also shown in this graph. The non-Gaussian
feature of f(¢,) is clearly discernible from this figure. A similar plot for a point ¢ that does
not coincide with any of ¢ = ¢; (I = 1, ...,n) is shown in Figure 6. Here, f(¢) is obtained as
a weighted sum of n non-Gaussian random variables. Notwithstanding this summation, the
PDF of f(¢) is observed to remain non-Gaussian. Some of these features appears to have
not been appreciated in the earlier work of Li and Der Kiureghian [19].
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Figure 4. Shdpe functlons Si(¢) (i=1,...,n) used in OLE with ¢o =0 rad and ¢, = n rad: ——--, S;(¢);
------- = Sa(P); S3(¢); @, Su(9); A, Ss(¢); O, Se(¢h).
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Figure 5. Illustration of non-Gaussian features of f(q&) in normal probability paper: + + , probability distrib-
ution of f(¢p;) (node 1) - —-—-—- -, corresponding Gaussian fit.
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Figure 6. Illustration of non-Gaussian features of f(¢) in normal probability paper: + -+, probability distrib-
ution of f(¢) at the midpoint of the section between nodes 1 and 2; + + , probability distribution of f(¢); - —+—-—- -
corresponding Gaussian fit.

3.3. ELEMENTS OF THE STOCHASTIC DYNAMIC STIFFNESS MATRIX

In conjunction with the displacement shape functions and the representation of the
displacement fields as in equations (17-19), the expressions for the total beam kinetic energy
Z and strain energy % can be formulated. It can be shown that the kinetic energy is given
by

1

Mo
Mc«
.__N

=3 X ¥ 2050z (34)
where
Kij = 2i + 0+ i (35)
and
bs
1= L Rp(¢)A(P)Ni(d, w) N (¢, w)do, (36)
&y
1= f Rp(9)A(P)Pi(¢, ) P;(h, w)dep, (37)
[
5= j Rp($)1($)Qi(¢p, ) Q;(¢, w) d¢p. (38)
Similarly, the strain energy is given by
1 6 6
5 Z Z Zz t)K”(C{)) (39)
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where
Kij = Kilj + Kl‘zj + K?j, Kizj = K?] - K?] - Kfj + K‘lij,
ki = ST+ S&+ Sij+ S5 — R(Si; + Si + Si; + Si) + R*S

¢r
o= [ G160 00
$o

K = r‘f EAG) 14, ) Py, ) do,
o R

o
K= | PO N0 P00 dg
J o
o
Ki= | 2P g o) (6.0 do,
Jdo
K?j = F:)[ %@» Ni(d)ﬂ U)) Nj(d)va)) d¢’
sy = [ "M b 5.y 8.0 o,
J ¢0
o
si= | AL N ) Py, dd,
Jdo R
oy
si= | 99 0.5, )P 9.0)d0
JJ 4)0
o
si= | A9 (4, )N (9. do,
J ¢0
o
st= | KAYD) N1, )N (g, dg
Jdo R
"d)f
sh= | A9 0,006,006,
J ¢0
o
st= | KA b4 )0, ) do,

s R

(40)

(41)

(42)

(43)

(44)

(43)

(46)

(47)

(48)

(49)

(50)

(51)

(52)
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G f’f KAG()
N $o R

Ni(d,®)Q;(d,w)d¢, (53)

Qi(¢, ) Q;(¢, w)d¢. (54)

552 J¢r kAG()
R

0

The energy dissipated is similarly obtained as

%= JT i i Zi(0)Z;(t) Cyj(w) dt, (55)

0 i=1j=1
where

Cij = ij + C?J + ij,

Cii = c1(PINi(¢, 0) N;(, ), (56)
Cij = c2(¢) Pi($, ) Pi(¢, ), (57)
Cij = ¢3(9)Qi(¢, ) Q (. ). (58)

The primes (') in the above equations represent derivatives with respect to the spatial
co-ordinate ¢. The governing equations for the generalized co-ordinates z,(f) can now be
obtained using Lagrange’s equations, the (-) denoting the derivative with respect to time:

d| ¥ 0¥
—[—-}___Q&ﬂerk, k=1,..6. (59)
azk

dt 0z,

Here, — Q], are the damping forces, Q,, are the generalized forces, and the Lagrangian is
given by £ (t) = 7 (t) — % (t). The stochastic dynamic stiffness matrix is formulated from
Lagrange’s equation and is thus a function of random variables characterized by the set of
dynamic weighted integrals. This leads to the formal representation of discretized equations
of motion of the form

M()i(1) + C(@)z(t) + K (o) z(t) = T(0). (60)

Here, M, C and K are, respectively, the generalized, frequency-dependent, complex valued,
stochastic mass, damping and stiffness matrices. It must be emphasized that these are
significantly different from the stiffness, consistent mass and damping matrices encountered
in traditional finite element method. Since the definition of dynamic stiffness matrix is
essentially with reference to harmonic nodal actions, the forcing function f(¢) in the above
equation is taken to be of the form f(t) = F(w)exp [iwt]. Furthermore, given the fact that
the system is linear, it follows that the response vector z(t) would have the form
2(t) = Z(w)exp[iwt]. It can be shown that the forcing vector F(w) and the response vector
Z(w) are related to each other through the relation

D(w)Z(w) = F(w). (61)
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Here, D(w) is the 6 x 6 element dynamic stiffness matrix with elements given by
Dij(w) = [ — 0*M;;() + ioCij(w) + Kij(w)], (62)

while Z(w) and F(w) are, respectively, the vectors of the Fourier transforms of the unknown
displacements and applied random forces. Even though the quantities Z(w) and F(w) are,
respectively, termed as the Fourier transforms of the functions z(t) and f(t), it must be noted
that, strictly speaking, Fourier transforms of samples of stationary random processes do not
exist. However, if the functions are defined as z(t) = z(t), T(t) = f(¢) for 0 <t < T, and
2(t) = 0,1(t) = 0, for t > T, where T, is a specified value of time ¢, then, as Ty — oo, the
PSD functions of these random processes are well defined, although the sample Fourier
transforms do not exist [21].

Since the matrices M(w), C(w) and K(w) are symmetric, it follows that the dynamic
stiffness matrix D(w) is also symmetric. The stochastic dynamic stiffness matrix D(w) has
a deterministic and a random component and can be represented as

D(w) = Do(w) + D, (), (63)

Do, (w) = — 0*Mo, (0) + i0Co,(w) + Ko, (), (64)

Mo

6
Drkl Z

k=11

W (65)

1

Here, the subscripts 0 and r, respectively, denote the deterministic and the random parts and
W4, are the weighted integrals. Since #; = #, the summation in equation (65) occurs only
over 21 independent terms (Z,). Accordingly, equation (65) is re-written in the form

21
Dkl == DO“ + Z @Jkl%] (k,l == 1, eee ,6), (66)
j=1

J

e = Lip for p=gq,

(Pk, kpt lq p q (67)

q)nk, = karlq + qurlp for P 7é q,
I' being defined in Appendix A (see equation (A.24)) and
Zi=W, Z2=Wiz X3=Wi3 Za=Wia, Xs=Wis,
%‘6:%69 3{7:%2’ %8:%37 %9:%49 %102%59
Zi1=Wiwe» Z12=W33, X13=Wias Z1a=W3s, Z15=W3e,
Xi6=Waas Z17=Was, L18=Wis, Z10=Wss, L20=Ws6» 21 =Wss. (68)
It is seen that the dynamic stiffness matrix of the beam element is a function of the weighted
integrals 2, (k =1,...,21). The stochastic inhomogeneity in this approximation is thus
completely characterized by a set of 21 random variables.

However, if OLE is used for discretizing the random fields, equation (29) is substituted for
(@) (k = 1,....,8) in equation (28). The elements of the stochastic dynamic stiffness matrix
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are now typically of the form

n (2
W = ij(‘lsj)j Sj(@) Ni(¢, w)Ni(),w)d . (69)

j=1 br

It must be noted that the integrals appearing in the above equation are deterministic in
nature. While this scheme of discretization introduces into the formulation possibly a larger
number of random variables as compared to the weighted integral approach, its advantage
lies in that the random variables resulting from the discretization of the random fields retain
the non-Gaussian probability distributions of the original random fields. This, in turn, is of
significance in reliability computations.

4. RESPONSE ANALYSIS

For response variability analysis, beam systems driven by stationary excitations are
considered. These systems, thus, have two sources of uncertainties; the first is due to the
stochastic spatial inhomogeneities of the beam properties, the second is due to the random
nature of the external loads. To illustrate the capabilities of the dynamic stiffness matrix
approach outlined in the previous section, attention is focussed on the variability in the
response PSD due to the uncertainties in structural properties. As a first step, the structure
property random fields are discretized and the structural uncertainties are manifested in
terms of a vector of random variables. The PSD of the response of the structure,
conditioned on these random variables, are evaluated using standard frequency-domain
random vibration analysis. The mean and the standard deviation of the response PSD,
conditioned on these random variables, are estimated. The response variability analysis is
carried out using the three different methods that are to be explained in the following
section. It must be noted that the advantage of studying the variability of the response PSD
is that it permits a detailed examination of the variability as a function of frequency. Studies
on global measures, such as response variance, do not permit such a detailed examination.

4.1. METHOD 1: NEUMANN’S EXPANSION IN TERMS OF WEIGHTED INTEGRALS

In this method, the response PSD is computed by inverting the stochastic dynamic
stiffness matrix using Neumann’s expansion [25]. Assuming the excitation to be
a stationary random process, the unknown displacement vector Z(w) is given by

Z(o) =[1- 2(w) + 2*(®) — 1D ' () F (o), (70)

where 2(w) = Dg }(w)D,(w) and 1 is the identity matrix. This leads to the PSD matrix for
displacements, given by

Szz(0Xp) =[1— 2(w) + ,“22(60) - "']D(;l(a))spp(w)Do_ ]*‘(a))
[1— 2(w)+ 2*(w) — --- 1Dy " (w), 1)

where the operator (%) denotes complex conjugation and the superscript ¢t denotes matrix
transpose. The PSD, obtained in equation (71), is conditioned on the system property
random variables X, and hence is itself a random quantity. The variability of the response
PSD is estimated by taking expectations across the ensemble of samples and calculating its
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moments. Considering only one-term approximation in the series in equation (71), the first
two moments, mean (x) and variance (¢?) are, respectively, given by

Wiy = <Szz,,(w|Xo)> = Z Z Z Z {H,Hj} >Do l(w)D_l*(w)SFqu(w) (72)

m=1k=1p=1¢qg=1

<HlmH H Hc>

»Mc\

s Mo
Mo
aMa

6
2
x Do,; (@) Dy, " (@) Do, (@) D, " () Ser, (@) Ser, (@) — p* (73)
where (H,,H},) and <{H,,H%H, H%) are given, respectively, by
CHinHi) = 0y + {2im(0) 2ip (@), (74)
{HipHEH  HEY = 011012050 jc + 01a0;c{21m2jp) + 01a0m<2jp2jc)
+ 0120p {2jc2tm) + 010 2;21m2ipy + O1m0;c{2jp 210
+ 090,221 + 0;c{21m2ip210) + 1m0 jp{ 21 2jc)
+ 0m<2;p212c) + 0;p<{ 2im21a2jc)
+ {2 2ip21a2je)- (75)

The second, third and fourth order moments of the elements of 2 can further be expressed,
respectively, in terms of the second, third and fourth order moments of the weighted
integrals #". Thus, it follows that, the evaluation of mean of S, (w|X) requires knowledge
of mean and covariance of f(¢) (k =1,...,8), while the evaluation of the variance of
Sz(w]X,) demands knowledge of upto fourth order moments. If more than one term is
retained in Neumann’s expansion, the evaluation of the first two moments of S, (w|X,)
would require still higher order moments of f;(¢). Since the information on these higher
order moments are expected to be unavailable, and also for the sake of mathematical
expediency, a Gaussian closure assumption is invoked. This allows for the higher order
moments of the weighted integrals to be evaluated in terms of mean and covariance of f; (¢).
It is to be noted that this method has three sources of errors arising from: (a) discretization
of the random fields, (b) truncation of the Neumann’s expansion and (c) Gaussian closure
approximation. The last of these errors would not be present if information on higher order
moments of fi(¢) is available.

4.2. METHOD 2: REDUCED MONTE CARLO SIMULATIONS USING OLE

In this method, the random fields f,(¢) (k = 1, ...,8) are discretized using OLE. Samples
of the random variables obtained by discretizing the random fields are simulated digitally
and this leads to sample realizations of dynamic stiffness matrices. These matrices are
numerically inverted and an ensemble of response PSD, conditioned on the random
variables, is computed. Statistical processing on this ensemble leads to estimates of the
mean and variance of S, (w|X,). The sources of errors in this method are those resulting
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from discretization of random fields and the use of limited samples in estimates of mean and
variance of S, (w|X,).

4.3, METHOD 3: FULL-SCALE MONTE CARLO SIMULATIONS

As has been noted, the methods described in the preceding two sections are approximate
in nature. These procedures can be validated by using results from detailed Monte Carlo
simulations. This requires the development of a numerical algorithm that generates the
sample solutions for the boundary value problem given in equations (20-24). A commonly
used strategy in numerical solution of linear boundary problems consists of converting the
boundary value problems into a larger class of equivalent initial value problems which, in
turn, are amenable for solutions using marching techniques such as Runge-Kutta
procedures [26]. Earlier, Manohar and Adhikari [9] have implemented this strategy in
their study on dynamic response variability of stochastic Euler-Bernoulli beams using
Monte Carlo simulations. In the present study, we follow a similar procedure for analyzing
equations (20-24). The details of this formulation are available in the thesis by Gupta [20]
and are not provided here. The sources of error in this approach, apart from those
associated with the Runge-Kutta integration scheme, are solely associated with the use of
limited number of samples in the estimation of response statistics. Moreover, the response
calculation procedure used here is independent of the procedure used in methods 2 and 3.
Thus, the results from this method can serve as an acceptable benchmark against which
other approximations can be compared.

5. BUILT-UP STRUCTURES

The methods developed so far are now extended for computing the response variability of
built-up structures. The additional steps needed to characterize the dynamic response of
built-up structures are: (1) conversion of the element dynamic stiffness matrix in local
co-ordinates into global co-ordinates, (2) assembling of element stiffness matrices in global
co-ordinates to form the structure dynamic stiffness matrix, (3) inversion of the random
structure dynamic stiffness matrix leading to frequency-domain representation of response,
and (4) processing of the Fourier transform of the response variables to arrive at spectral
representations of the displacement responses, such as PSD representations. Steps (1) and
(2) essentially follow the same rules that are used in the traditional matrix methods of
structural analysis. Figures 7 and 8, respectively, show the co-ordinate systems adopted for
describing curved and straight beams. The superscripts g and [ in these figures denote,
respectively, the global and local directions. The element dynamic stiffness matrix in global
co-ordinates DY(w) is related to the local dynamic stiffness matrix by the well-known
relation

D!(») = T'D!(»)T (76)

where T is the transformation matrix. The element dynamic stiffness matrix, in terms of
deterministic and random components, is written as

D! () = DY () + DY (). (77)

Here, D4(w) = T'DYT is the deterministic part of the element stiffness matrix in the global
co-ordinates and D?(w) is the corresponding random part. In the weighted integral
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X

Figure 7. Local and global co-ordinates of the curved beam element: superscript [, local axes; g, global axes.

Figure 8. Local and global co-ordinates of the straight beam element: superscript [, local axes, g, global axes.

approach, equation (66) is written as

21
Dl =D}, + Y UhZ; (ki1=1,...6), (73)
ji=1
where
. 6 6 .
Ui = Z Z Tkaqlﬁlel- (79)
p=1gq=1

Here, the variable ¢/, has the same meaning as in equation (67). In the reduced Monte Carlo
simulation approach using OLE, a similar transformation is made.

Formulating the element stiffness matrices in the global co-ordinate system, the matrices
are assembled to obtain the global dynamic stiffness matrix. The rules for assembling the
global stiffness matrix are identical to those used in the traditional finite element analysis.
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This leads to the expression

K@) = 3 Di(w), (80)

j=1

where KY(w) is the global dynamic stiffness matrix, DY is the element stiffness matrix in the
global co-ordinate system and m is the total number of finite elements in the system. The
summation here implies the addition of the appropriate element stiffness matrices at
relevant locations. The global system equation can be partitioned in the form

[K"il(w) K“iz(w)] {Zk(w)} _ {Fu(a})} 81)
K% () K% () | (Z,(w) Fy(w)

where Z; (w) and Z, (o), respectively, denote the known and the unknown amplitudes of the
nodal harmonic displacements. Similarly, F,(w) and F,(w), respectively, denote the
unknown and the known amplitudes of the nodal harmonic forces. In this study, forcing is
assumed to be only through the applied nodal forces. Furthermore, it is assumed that the

prescribed forces constitute stochastic stationary Gaussian random processes. Accordingly,
the equation for the unknown displacements is obtained as

K22 (0)Z,(0) = Fi(w). (82)
The reduced global stochastic dynamic stiffness matrix can be further written as
K32 (0) = Ko, (@) + K,,,(w), (83)

where Ko, () is the deterministic part and K, () the stochastic part of the partitioned
matrix. To compute the variability in the response, the partitioned dynamic stiffness matrix
K,,(w) can be inverted using either Neumann expansion or reduced Monte Carlo
simulations described in section 4.

6. RELIABILITY ANALYSIS

The procedures developed in the earlier sections are now extended to estimate the failure
probabilities of inhomogeneous circular Timoshenko beam structures. Two forms of
random excitations are considered: the first consists of broadband point excitation and the
second, point harmonic excitation with Gaussian amplitude.

6.1. GAUSSIAN BROADBAND EXCITATIONS

For Gaussian broadband excitations, the structural response, conditioned on an n, x 1
vector of random variables X, resulting from the discretization of structure property
random fields, is Gaussian. Consequently, results from extreme value theory of Gaussian
random processes can be used to evaluate the conditional failure probability. If attention is
focussed on the kth displacement component z(t), it is clear that the pdf of z(),
conditioned on X, is also Gaussian. Considering the maximum value z, over a period of
time T, given by

Zk, = Max |z(1)], (84)

0<t<T
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it can be shown that probability of z, < threshold value «, conditioned on X, is

1 oyx, o?
P[z, {a|X,] = exp i Texps —=——1/ |- (85)
T alk\xo 2’ Zi| Xo
where
00X, = j %S, 7 (0]X,) dw, (86)
OoX, = f Sz,z.(wXg) dw (87)

with S, (w|X,) being computed using the procedures developed in the earlier sections. It
should be noted that, in deriving equation (85), it has been assumed that the level crossings
are independent and hence constitute a Poisson process [27]. The probability of failure,
conditioned on X, is thus given by

P/"Xo = 1 - P[ka < O(|X():|. (88)

Consequently, the unconditional probability of failure is obtained as
Plzy, > o] = J {1 = P[z, <alcl}px, (&) dE =1 — Pz, < alXo 1D (89)

where px, () is the n,th order joint pdf of X,, # is the domain of integration spanned by
X, and the expectation operator is across the ensemble of X,. It must be noted that since the
system property random fields are modelled as non-Gaussian random fields and as the
OLE scheme of discretization adopted in the study retain the non-Gaussian features of the
random fields, X, is non-Gaussian. Explicit evaluation of the above expectation still remains
a difficult task. However, acceptable solutions can be obtained by using direct Monte Carlo
simulations.

6.2. RANDOM HARMONIC EXCITATIONS

Since the structure being considered is linear, the response of such systems to harmonic
excitations remains harmonic. Consequently, the reliability analysis becomes quasi-static in
nature, with the problem becoming frequency dependent instead of being time dependent.
The resulting reliability assessment problem is solved based on Monte Carlo simulations
that incorporate variance reduction techniques [28-32]. Here, the forcing function is taken
to be of the form F exp[iwt], where F is an (n, x 1) vector of Gaussian random variables.
The kth displacement component, obtained from equation (61), is given by

ny
Zi(w;X) = Z Dlzjl(CU; Xo) Fj, (90)
ji=1
where X is an extended vector of random variables, of dimensions (n, + n,) x 1, defined by
X =[X,, F]. Here, X, and F are assumed to be stochastically independent. If o is the
prescribed limit on |Z;(w; X)|, a performance function

gX)=a—  max (|Z(@: X)) o1

Opin < O < Opiax
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can be defined, so that the probability of failure is obtained in terms of an
(ny + ns)-dimensional integral as

Py=P[g(X)<0] = f px(x)dx, (92)

g(x) <0

where px (x) is the (n, + ny)th order joint pdf of the extended vector of random variables X.
As closed-form solutions to this multidimensional integral is not possible, the evaluation of
P, is carried out by importance sampling-based simulations. This involves rewriting
equation (92) as

px(x)
hx (x)

pf=f1[g(x)<01 hx<x)dx=<1[g<X><01p"(X)> . 93)

hx (X)

Here, I[ -] is an indicator function that is equal to 1 if g(X) < 0 and 0 otherwise, hy(x) is the
(n, + ny)th order importance sampling density function, <}, denotes expectation with
respect to hy(x) and £’ is the region spanned by the random variables X.

In order to obtain a starting sampling function for a target threshold level o, hy(x) is
usually assumed to be Gaussian and is centred around the design point obtained by
computing the reliability index [30,31]. This study, however, avoids reliability index
calculations. Instead, a first guess of the sampling density function is obtained by fitting
a probability density function for the samples lying in the failure domain, obtained
from a pilot simulation run for a low threshold level «,. In the subsequent simulation cycles,
as o is varied in increments of do towards the target threshold level, the sampling function
is modified to reflect the increase in knowledge of the failure domain resulting
from each simulation run. The details of the steps adopted in this sampling scheme are
outlined here:

1. As a starting point, o is first set to its lowest limit of interest, «,. A pilot simulation run
is carried out to generate N, samples of the (n, + n,)-dimensional vector random
variables X.

2. Let N of these samples lie in the failure domain. Using these N; samples, the mean
and covariance matrices, respectively, of dimensions (n, + n,)x 1 and (n, + n,) x
(ny + ny), conditioned on g(X) <0, given by

{1} = (X|g(X) <0, (94)
[Col = {X — p} {X — p}'1g(X) < 0) (95)

are estimated.

3. The mean g, and variance o7 (k = 1, ... ,n,) estimated from equations (94, 95), together
with the knowledge of the range (ay,by) (k=1,...,n,) of the random variables
X1y, ..., X, are used to construct the first order pdf’s of these random variables, by
invoking the principle of maximum entropy. These first order pdf’s are of the form as
given in equation (12). The first order pdf’s of the remaining random variables
X, +1,...,X,, are taken to be Gaussian with mean p, and variance o}
(k=n,+1,...,n,)estimated from equations (94, 95). Furthermore, the first order pdf
models are combined with the estimated covariance matrix [C,] to obtain an
(ny + ny)th order Nataf’s model for hx(x) (see equation (13)). It must be noted that
X, and F do not remain uncorrelated when conditioned on the event [¢(X) < 0].
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4. N, number of samples are generated using the sampling density hx(x). The failure
probability P, is estimated as an average, as described in equation (93).

5. Steps 2-5 are repeated till convergence in P, corresponding to a particular threshold
level o is achieved. The number of samples N; in step 2 is now obtained from
simulations carried out in step 4.

6. Next, the failure surface is redefined by changing o; to o;,; = o; + do. Since the
variance of the samples lying in the failure domain are small, the samples generated by
hx(x) do not fall in the new failure domain. This difficulty can be overcome by setting
the variance of the n, Gaussian random variables X, 4, ..., X, to arbitrarily higher
values [32]. The first order pdf’s for these random variables are constructed using
these variances but without changing the mean computed from equation (94). A new
sampling density function hx(x) is computed by repeating step 3. Steps 2-5 are
repeated till convergence in P, for the new threshold level o}, ,, is achieved.

7. Steps 2-6 are repeated till the failure probability corresponding to the target threshold
level ar is estimated.

7. NUMERICAL EXAMPLES AND DISCUSSIONS

For illustration of the proposed methods, two structures are considered. The first is
a propped cantilever circular Timoshenko beam fixed at one end and hinged at the other
end and the second structure is as shown in Figure 13. In both these examples, the quantities
E(p), p(¢), G(), b(p), d(¢p), c1(¢), c2(¢) and c¢3(¢p) are modelled as mutually independent,
homogeneous, stochastic fields. The quantities f; (¢) (k = 1, ... ,8) are taken to be bounded in

the region a, = — \/§ and b, = ﬁ with g = 0-05 and < f;> = 0. This would mean that the
mean values of the beam parameters E(¢), G(¢), p(¢), b(¢), d(d), c¢1(d), c2(¢p) and c3(¢),
listed in equation (7), are equal to their respective nominal values Eq, Go, po, bo, do, ¢y,
¢y, and c;,. The parameters in the maximum entropy distribution in equation (12) are
obtained as 4, = 0:3596, 4, = 0:99 x 10> and 13, = 01548 (k = 1, 8). Furthermore, the
autocovariance for f;(¢) (k = 1, ...,8) are all taken to be of the form R(z) = exp[ — az?].
This form of autocovariance satisfies all the requirements stated in equations (9-11). The
correlation length associated with this form of autocovariance function can be shown to be

given by %\/n—/oc with o being the correlation parameter. In the numerical work, o is so
selected that this correlation length becomes 1/4th of the spatial extent of the associated
beam element. To determine the number of terms, n, needed to represent f; (¢) by OLE, the
discretization error was computed as a function of the number of terms. It was observed
that the discretization error was 0-075, 0-016 and 0-004, respectively, for 5, 6 and 7 number of
terms. Figure 9 shows the covariance of f(¢) with n =6, compared with the target
covariance function of f;(¢). In the numerical work, n is taken to be 6 and it was observed
that the global discretization error in this case is 0-016, which is considered acceptable.
Finally, the methods for estimating failure probabilities, described in section 6,
are illustrated by considering the propped cantilever circular Timoshenko beam subjected
to two alternative classes of excitations: broadband excitations and random harmonic
forces.

7.1. EXAMPLE 1: DETERMINISTIC CURVED TIMOSHENKO BEAM

A curved Timoshenko beam, fixed at one end and hinged at the other, with a span of 100 m,
radius of curvature R = 82-:03 m and mean cross-sectional dimensions of 0-:35m x 0-335 m
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Figure 9. Autocovariance function off(qb) using OLE, ¢y = O rad, ¢, = mrad: ——, target; — % —, discretized.

is considered. Nominal values of the system properties are taken as follows:
Eo =21 x 10" N/m?, p, = 2850kg/m>, G, =80769'°x N/m?, and c¢;, =c,, =3, =
160 Ns/m. A harmonic bending moment exp [iwt] is applied at the hinged end and the
resultant rotation at the hinged end is computed using the following four independent
approaches: (1) direct dynamic stiffness matrix method where the dynamic stiffness matrix is
obtained in closed form by applying harmonic loads and displacements at the nodes and
subsequently eliminating the vector of constants required to satisfy the prescribed boundary
conditions [227; (2) frequency-dependent shape functions to formulate the dynamic stiffness
matrix which has been subsequently used to obtain the structural response (section 3.3); (3)
a commercial finite element code, such as NISA; and (4) a numerical integration scheme
referred to in section 4.3. The 4th order Runge-Kutta numerical integration scheme, with
modification due to Gill, was used with a step size 0-1rad. The finite element model used
comprised of 100 straight beam elements. Normal mode expansions considering 100 modes
were used for calculating the response of the structure. The response obtained by the four
methods are illustrated in Figure 10. The results are shown to be in reasonable mutual
agreement with each other. This provides the confidence that the procedures developed are
correct and are implemented correctly. The frequency response function is observed to
consist of alternating sequences of resonant peaks and antiresonant dips as might be
expected in a direct receptance plot. The first few natural frequencies of the system are
observed to be at 3-3, 68, 12-5, 188, 27-3, 36:4 and 47-8 rad/s respectively. It was observed
that the convergence of finite element results, especially at antiresonant frequencies, was
slow with respect to the number of finite elements used.
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Figure 10. Example 1. Comparison of response at d.o.f. 5 of deterministic curved beam: - ---, FEM with 100
elements; ——, DSM using shape functions; + + , direct DSM approach; (00, numerical integration.

7.2. EXAMPLE 2: RANDOMLY INHOMOGENEOUS CURVED TIMOSHENKO BEAM

The nominal structure considered in example 1 is now perturbed by stochastic
inhomogeneities with properties as outlined in the opening of this section. A stationary
random bending moment, characterized by an input PSD, is applied at the hinged end and
the variability in the PSD of rotation at the hinged end is studied using the three methods
discussed in section 4. It must be noted that the reduced system dynamic stiffness matrix has
only one entry, namely Dss(w). Consequently, issues related to inversion of the dynamic
stiffness matrix becomes trivially simple. The mean and the standard deviation of the
response PSD are plotted in Figures 11 and 12. The results from alternative methods are
observed to be in good agreement with each other. This lends credence to the
approximations made in the development of the proposed methods. A comparison with
Figures 11 and 12 reveal that the peaks and dips occur at the same frequencies as observed
in Figure 10 indicating that there are no appreciable changes in the natural frequencies due
to the uncertain fluctuations in the system parameters. It must be noted that an ensemble
size of 500 samples was used in the Monte Carlo simulations. Issues related to the inversion
of stochastic dynamic stiffness matrix are illustrated in the example considered next.

7.3. EXAMPLE 3: BUILT-UP STRUCTURE

A built-up structure (Figure 13) is considered consisting of two unequal straight beams of
lengths 10 and 8 m, respectively, and a curved semicircular beam with radius R = 10 m. The
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Figure 11. Example 2. Mean of PSD of response at node 5; —% — , method 1; O, method 2; - ----, method 3.

assumed nominal values for all the three beam segments are: by = 0-3m, dy =01m,
Ey = 21x 10" N/m?, p, = 2850 kg/m?, G, = 80769 x 10'° N/m? and ¢, = ¢, = ¢3, =
160 Ns/m. The stochastic variations are, again, as described in the opening of this section.
A steady state excitation force, characterized by an input PSD, is applied along d.o.f. 4. The
reduced global dynamic stiffness matrix is of order 6 x 6. The variability in the PSD for the
response along d.o.f. 4 are estimated using the three methods discussed in section 4.
Figures 14 and 15 show that the results obtained by the three methods are in fairly good
agreement with each other. This example also validates the use of Neumann expansion
series with the attendant Gaussian closure approximations as means for estimating the
moments of inverse of a random matrix. It must be noted that in the numerical work,
a single-term approximation was considered in the Neumann expansion.

7.4. EXAMPLE 4: FIRST PASSAGE FAILURE FOR CURVED TIMOSHENKO BEAM

The propped cantilever circular Timoshenko beam considered in example 2 is now
assumed to be subjected to stationary broadband bending moment at the hinged end. For
the purpose of illustration, only mass distribution is considered to have random
fluctuations. This limited the number of correlated non-Gaussian random variables
entering the formulation to 6. The first passage failure probability, conditioned on X,, is
estimated for the rotation at the hinged end and the unconditional failure probability was
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Figure 12. Example 2. Standard deviation of PSD of response at node 5; —% — , method 1; O, method 2; - -+ -,
method 3.
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Figure 13. Built-up structure comprising of straight and curved Timoshenko beam elements.

determined by direct Monte Carlo simulations using 1000 samples. The variation of the
failure probability as a function of threshold level « is illustrated in Figure 16. The failure
probability curve for the corresponding beam, when the random fluctuations in the beam
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properties are neglected, is also shown in this figure. It is seen that the effect of considering
system uncertainties is to reduce the probability of failure.

7.5. EXAMPLE 5: FATLURE PROBABILITY UNDER RANDOM HARMONIC EXCITATION

A harmonic bending moment Fexp[iwt], with amplitude F modelled as a Gaussian
random variable, is assumed to act at the hinged end in the structure considered in the
previous example. As in the previous example, only mass is taken to be stochastic in nature.
The excitation moment F is modelled as a Gaussian random variable with mean 10kNm
and standard deviation 10 x 0-05 kN m. The performance function is as defined in equation
(91) with « taken to range from 0-0017 to 0-011 rad. The initial Monte Carlo simulation run
was performed for threshold value o = 0-0017 rad with 1000 samples. The estimation of
failure probabilities for higher values of o subsequently employed importance sampling,
using non-Gaussian sampling functions. The number of samples for each simulation run
was taken to be 500. Figure 17 shows the resulting estimates of probability of failure as
a function of threshold value «. The graph also shows variation of P, with o when beam is
taken to be deterministic. The procedure has enabled calculation of P as low as 10~ % with
the total number of simulation cycles for this level of P, being of the order of only about 10*.
The trend of variation of P, with o for the cases of deterministic beam and beam with
random properties is seen to be different from what was observed in the previous example.
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Figure 17. Example 5. Failure probability using adaptive importance sampling, random harmonic excitations;
%, randomly inhomogeneous beam; O, deterministic beam.

For most values of «, but not for all «, it is observed that the effect of beam randomness is to
increase the Pj.

8. CONCLUSIONS

A frequency-domain stochastic finite element approach is outlined for the vibration
analysis of skeletal structures made up of randomly inhomogeneous, curved/straight
Timoshenko beams. The study extends deterministic dynamic stiffness matrix methods to
problems of structural system stochasticity. Issues related to response variability analysis
and reliability assessments are addressed. The following are the major conclusions based on
this study. (1) The use of frequency-dependent shape functions relieves the dependence of
finite element mesh size on frequency range of excitation. Also, the dependence of shape
functions on damping permits a satisfactory treatment of damping in dynamic response
analysis. (2) The optimal linear expansion scheme offers a powerful means to discretize
non-Gaussian random fields, especially in studies involving reliability assessment. This
scheme retains at the nodal points the first order probability distribution characteristics and
covariance structure of non-Gaussian random fields being discretized. (3) The weighted
integral approach for discretizing random fields, in principle, is capable of taking into
account the non-Gaussian features of the random fields provided descriptions of higher
order moments of these random fields are available. The difficulties associated with
obtaining probability density function of the weighted integrals make this method of
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discretization to be of limited relevance in problems of reliability assessment. (4) Both
weighted integrals and optimal linear expansion schemes perform equally well, insofar as

pr

oblems of variability assessment are concerned. (5) For randomly driven systems, the

influence of system stochasticity on probability of failure is observed to depend on the
nature of excitation. For broadband excitations, the system randomness is observed to
lower the probability of failure, while for random harmonic inputs, the probability of failure

1s

seen in most but not all cases, to increase the probability of failure. It is felt that further

research is required to clarify this issue.
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APPENDIX A: FORMULATION OF SHAPE FUNCTIONS FOR DISPLACEMENTS

For the beam element with homogenous properties, equations (20-22) can be recast as

d?w dw dys
0 A.l
d¢2+“2w+“3 qﬁ+a4dd) , (A.1)
2
ﬁ1 ¢2 + fov + Bs ¢ + Bayy =0, (A2)
2
Y dy
y1d¢2+/zw+y3d¢ 'V4U=O, (A3)
where
_FAG B4 B
al_R’ 1—R, /1—R,
EA kAG
4y = W*pAR — —— —iwcy, Py = ——— + 0’ pAR — iwc,,
R R
72 = w*pJR — KAGR — iwcs,
EA + kAG EA + kGA _
Gy=—p Bs= ——©Rx 7 = kAG,

4 = — EAG, ﬁ4 = EAG, Va = EAG
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From equation (A.2), ¥ can be expressed as

1
s

Consequently, the first and second derivatives of iy with respect to ¢ are obtained by
successive differentiations of equation (A.4). Substituting for ¥ into equations (A.1) and
(A.3), ¥ is eliminated and two coupled differential equations in w and v are obtained:

Y= {ﬁl a6’ + Bav + B3 ¢} (A.4)

LIW + sz = O, L3W + L4U =0 (AS, A6)

where L; (i = 1, ... ,4) are operators denoted by

d? d? d
L, = d¢2+A2 L,= d¢3+A4¢
d? d d* d?
L3 d¢3 +BS ¢ L4:B1 d¢4+B2 ¢2 +B3 (A7)

with
Ay = oy — ayfs/Pa, By = —71B1/Pa
Ay = o, By = — (2281 + v1B2)/Pas
Az = — ayfi/Bas By =7y4 — 7282/Pa,
Aq =03 — 04f2/Pa, By = —71B3/Pas
Bs =y3 — 72B3/Ba,
Equations (A.5-A.6) are now combined to obtain
(LiLy — L,L3)v =0, (A.8)
(LiL4 — LyL3)w = 0. (A.9)

Expanding equations (A.8-A.9), sixth order homogeneous ordinary differential equations in
w and v are obtained as follows:

d° d* d?

de d+ d?

Here,
Ky =ABy — A3B4, K;=AB;, + A;By — A3Bs — A4B,,

K3 - A1B3 + A2B2 - A4BS, K4 - AzB3. (A12)
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Thus, it may be noted that equations for w and v are now mutually uncoupled. It is also of
interest to note that the differential operators which act on w and v in equations (A.10) and
(A.11) are identical.

Assuming the solution of equation (A.10) to be of the form w = exp [u¢], characteristic
equation for p is obtained as

H6K1 =+ IU4K2 =+ M2K3 + K4 = 0 (A13)

An identical characteristic equation would also be obtained if a solution of the form
v =exp[u¢] is substituted into equation (A.11). Furthermore, the six roots of equation
(A.13), using symbolic math processing (MAPLE), are obtained as:

u—1<9v1/3 3K3K, — K3 3K2>1/2
== e ket S P R

3 K3yl K,
Mo = —%<9v1/3 _% -~ 3§—j>1/2
Ha = é ( S <3K31§;v1731<%> - 12% + 182)1/2,
Ha= % < — 1810 4 (%) = 12% + 182) "
s = é ( — 18yt <%> _ 12% - 182)1/2,
Ho= é < S (%) - 12% - 1“)1/2, (A.14)

where

V= —

1 [ —9K;3K,K, + 27K,K? + 2K3
54 K3

3
x 1\8/; C(AK3K, — K2K2 — 18K,K,K K, + 27TK2K? + 4K K312 (A.15)
1

. 1 (3K;K; — K3
A= 1\/§ {V1/3 + § <W . (A16)
Thus, the displacements v and w can now be expressed as summations of series as follows:

w(p) = Z geexplumgl,  v(¢) = Z Jrexp L] (A.17, A.18)
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Here g, and f; are constants of integration to be determined from the boundary conditions.
At this stage, it is seen that there are twelve integration constants that need to be
determined. These constants are however not mutually independent. Substituting equations
(A.17) and (A.18) into equation (A.8), it is possible to obtain the following relationship
between the constants of integration g, and f;:

S = L (A.19)

where

A + Az

O ki By
‘ Aspip + Aapy

(A.20)

Substituting the expressions for the displacements w and v into equation (A.4), the
displacement s is expressed as

6
V(o) = k; Crgrexp L] (A.21)
where
:Bl 2 ﬁz 53
k=\ = M — 5 Sk — 5 M A.
: ( 5" m)g " (a2

Thus, all the three displacements w, v and y can be represented in a series form. It must be
noted that this involves only six independent unknown constants of integration which can
be determined from the six boundary conditions. Thus, the solution of the problem is
exactly determinable.

The shape functions Ny (¢, w), P (¢, ) and Q, (¢, ®) in equations (25-27) are derived by
solving the field equations (20-22) in conjunction with the appropriate boundary
conditions. Table Al lists the boundary conditions satisfied by the three sets of shape
functions. Writing the binary conditions in matrix form,

[r1{g}". {g}* (g}’ {g}* {g}>. {g}] =L (A.23)
TaBLE Al
Relationship between “binary” boundary conditions and shape functions N,(¢, Q), P,(¢, Q)
and Q,(¢, Q)
Nl ¢: 60), N2(¢9 60), N3(¢9 60), N4— (¢9 60), NS (¢9 60), N6 (¢9 60),
Pl( s CO), P2 (¢’ CO), P3 (¢’ CO), P4(¢’ CO), P5(¢’ CO), P6 (¢’ CO),
01(¢, w) 0:(¢, w) Q3(¢, ) Q4(¢p, w) 0s(¢, ) Qs (¢, )
w(0) 1 0 0 0 0 0
v(0) 0 1 0 0 0 0
¥(0) 0 0 1 0 0 0
w(L) 0 0 0 1 0 0
o(L) 0 0 0 0 1 0
W(L) 0 0 0 0 0 1
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where

-eM1¢0 eﬂlz¢0 eH3¢'0 e/14¢o ell:z(/)o ell6¢o

Clelh o Czellzlf’o Cseﬂsfbo C4eﬁla¢o CSe#S [ C6eﬂs‘/’0
Elel11¢o éze#z@) 536#3@) 546#4(% ésellﬂf?o 66el16¢0

[F ((U)] - e#1¢/ esz’f eﬂsd’f eﬂAd’j e,usd)/ eu(,(b[ (A24)

ileﬂld)f Czeﬂz‘f’f Cseﬂsz’f é4e“4¢[ Csells¢r C6el46¢f

élemd)f 5zeﬂz¢/ £3e/ls¢/ é4el‘4¢f éseus% 66611045/

and {g*} is the vector of constants giving rise to the kth shape function. To proceed further,
the shape functions Ny (¢, w), Py(¢,w) and Q, (¢, w) are represented in matrix form, as in
equations (A.25-A.27). Combining equations (A.14) with the requirements of the boundary
conditions listed in Table Al, it can be shown that

N(¢, ) = [T(0)] {s1(, )}, (A.25)
P(¢, ) = [T'(0)] {s:(¢, »)}, (A.26)
Q(¢0) = [T (@)]{s:(¢, )}, (A.27)
where
L(p.0) =[{g}'. {g}% (g}’ {g}* {g}°. {g}°]" (A.28)
{51} — [e.“l(/), elz® , euatb’ e"“‘/’, ellsfl’, e/ls¢] , (A.29)
{82} = [(rem?, (7, (e, [ye?, (57, [gete?], (A.30)
{83} = [Eren7, &pe?, Ees?, Eue? Eses?, Egete?] (A.31)

The shape functions derived in this manner are functions of frequency and are complex
valued. The formulations for the circular beam are expected to lead to the corresponding
results for a straight Timoshenko beam as the radius R — oo. However, it is simpler to
reformulate the field equations for a straight Timoshenko beam separately. Further details
of this formulation are available in reference [20].
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